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Abstract

We extend the heterogeneous agent model of Brock and Hommes (1997,
1998) to a setting with two risky assets. Agents choose between a trend-
following rule and a fundamentalist rule using evolutionary switching based
on past performance. The expectation rules operate on both assets simul-
taneously: the forecast for each asset depends on the lagged price deviation
of the other, introducing cross-asset expectations as a new channel for en-
dogenous comovement. In the deterministic skeleton we derive the threshold
intensity of choice at which the fundamental steady state loses stability and
show that cross-asset expectations lower it: the fundamental steady state
destabilizes sooner, and the interval of stable non-fundamental dynamics
that follows shrinks. In the stochastic system, they amplify the realized
correlation far beyond the exogenous baseline: as the intensity of switch-
ing approaches the pitchfork threshold the realized correlation approaches
one, however weakly the two fundamentals are correlated. This amplifica-
tion is non-monotonic in the intensity of choice and it operates through the
structure of expectations alone.

Keywords: Heterogeneous agent model, Excess comovement, Cross-asset expec-
tations, Multi-asset markets, Nonlinear dynamics.
JEL: G12, D84, C62.



1 Introduction

Empirical asset prices often comove more strongly than fundamentals can explain.
Across largely unrelated markets, price covariation persists after conditioning on
all observable macroeconomic factors, as systematically documented by Pindyck
and Rotemberg (1990) for raw commodities and Pindyck and Rotemberg (1993) for
the stock prices of firms in unrelated lines of business, who found excess comove-
ment of returns after conditioning on a present value model with macro-driven
discount rates. The comovement to be explained is often neither constant nor
uniform. Longin and Solnik (1995) estimate a multivariate GARCH model on
monthly excess reurns for different equity markets over 1960 — 1990 and show how
correlations inrcease over the three decades and rise in periods of high market
volatility.

These patterns have motivated a large theoretical literature on mechanisms
that can decouple price comovement from fundamental comovement. Barberis
et al. (2005) argue that when investors group assets into categories, or respond
to common sentiment, their correlated demand shifts generate non-fundamental
comovement that a frictionless pricing model cannot account for. A separate
mechanism is informational rather than behavioral: Veldkamp (2006) shows that
when information is costly to acquire but cheap to reproduce, investors purchase
signals about a subset of assets and pricing many assets with that information
produces price covariance in excess of fundamental covariance. The question that
follows is whether expectation formation, independently of portfolio rebalancing
or sentiment shocks, can be a source of excess comovement and whether such
mechanism can be studied in a tractable framework.

Heterogeneous agent models (HAMs) make expectation formation itself the
object of study, though most of this literature considers a single risky asset mar-
ket. The seminal contributions of Brock and Hommes (1997, 1998) establish the
building block: agents choose among a finite set of forecasting rules on the basis of
past performance, and the resulting nonlinear feedback between beliefs and prices
generates rich endogenous dynamics, including bifurcation routes to cycles and
chaos, even when the dividends are IID and the fundamental value is constant.
This framework has been shown to reliably reproduce a set of empirical regular-
ities like excess volatility, volatility clustering, temporary bubbles and crashes,
short-run momentum and long-run reversal, and to connect these phenomena to
the bifurcation structure of the underlying deterministic skeleton; see the surveys
of Hommes (2006), Dieci and He (2018) and He et al. (2019). Its two behavioral
ingredients, coordination on a common rule and trend extrapolation, have direct
experimental support. In the learning-to-forecast design of Hommes et al. (2005),
participants’ forecasts differ significantly from the constant fundamental and more
notably groups coordinate on a common, often trend-following prediction rule.



Trend extrapolation is also the engine of the leading modern account of bubbles:
in Barberis et al. (2018), extrapolators weigh a trend signal from past price changes
against a measure of overvaluation generating bubbles and volume that rises with
past returns.

Comovement, however, is only defined once there is more than one asset, and
the multi-asset case has received less attention so far. One of the main challenges
in moving to multiple assets is that comovement can arise through several distinct
channels, and isolating each requires deliberate modelling choices. Early contribu-
tions established that portfolio-based interaction is already sufficient to transmit
dynamics across markets. Chiarella et al. (2005) develop a two-risky-asset mean
variance model in which heterogeneous agents hold time varying beliefs about ex-
pected returns and the variance-covariance structure; changes in beliefs in one mar-
ket spill over into the other through the portfolio optimization problem. Chiarella
et al. (2007) extend this approach and emphasize that once multiple risky assets
are available, beliefs about the joint distribution of returns become endogenous ob-
jects that drive asset interdependence in ways that have no single-asset analogue.
In both models the price forecasts are formed asset by asset and the coupling op-
erates through the covariance matrix entering mean-variance demand. Chiarella
et al. (2013) develop the same framework into a boundedly rational equilibrium
with time varying betas in which systematic movements of the market portfolio
arise independently of fundamentals.

A different comovement mechanism arises from market selection: in Westerhoff
(2004) chartists switch between markets based on trend signals, and this mobility
alone generates endogenous comovement without any direct portfolio linkage be-
tween the assets. The same mechanism operates in Dieci and Westerhoff (2006),
where agents move between markets according to relative profitability and in
Dieci and Westerhoff (2010); Schmitt and Westerhoff (2014), where stock markets
are connected through a foreign exchange market or through direct cross-market
spillovers.

From an equilibrium perspective, Anufriev et al. (2012) show that evolutionary
pressure toward riskier portfolios in a multi-asset model produces excess covariance
in prices relative to dividends, providing a microfoundation for the empirical excess
comovement observation. Most closely related to the present paper, Hommes and
Vroegop (2019) introduce a two market model in which the markets are linked
through a bias term in the chartists’ forecasting rule that depends on the deviation
in the other market, generating destabilizing spillovers and comovement through a
cross market belief channel. Despite the richness of this literature, the cross market
link enters either through portfolio mechanics, through the switching mechanism
or as a scalar perturbation to an otherwise market specific forecasting rule. To our
knowledge, no existing model specifies the forecasting rule itself as a joint object



defined over both assets simultaneously.

The present paper introduces this structure as a distinct channel: cross-asset
expectations. We develop a two asset HAM in which agents choose between a
trend-following rule and a fundamentalist rule, as in Brock and Hommes (1998),
but the trend-following rule operates on both assets simultaneously through a
forecasting matrix, whose off-diagonal elements allow the past mispricing of one
asset to enter the forecast for the other, capturing the idea that expectations are
partly shaped by cross-asset price information. This generalizes the scalar cross-
market bias of Hommes and Vroegop (2019) to a full set of cross-asset forecasting
coefficients.

Such cross-asset signals are widely present in practice: pairs trading defines
positions explicitly on the joint behavior of two assets’ prices (Gatev et al., 2006),
and timeseries momentum is documented across equity index, currency, commodity
and bond futures with cross-asset correlations that exceed those of the underlying
assets themselves (Moskowitz et al., 2012), making it natural to model trend-
following as a joint rule rather than a collection of independent single asset rules.
Under the zero net supply assumption, the fundamental correlation drops out
of the pricing equations (Appendix B), so the deterministic model isolates the
expectation channel analytically making the framework a good candidate to study
the emergence of endogenous correlation.

We analyze the model in two stages. In the deterministic skeleton, cross-asset
expectations lower the stability threshold of the fundamental steady state and
compress the bifurcation structure: even small off-diagonal elements substantially
reduce the parameter region over which the fundamental equilibrium or a stable
non-fundamental fixed point can persist. In the stochastic system, cross-asset
expectations amplify the realized correlation between the two price deviations far
beyond the exogenous noise correlation. The resulting realized correlation is non-
monotone in the intensity of switching, and we trace this non-monotonicity to the
eigenvalue structure of the Jacobian at the non-fundamental fixed point.

The paper is organized as follows. Section 2 presents the model; Section 3
derives the stability conditions for the fundamental steady state; Section 4 explores
the deterministic skeleton numerically; Section 5 analyzes the stochastic system:;
Section 6 concludes.

2 The model

Consider a market with two risky assets and one risk-free asset. Asset 1 has price
p: and pays dividend d;; asset 2 has price ¢; and pays dividend ¢;. The risk-free
asset yields a gross return R = 1 + r. A population of N investors, indexed by
expectation type h = 1,..., H with H < N, allocates wealth W, across the three



assets. Denoting by z; and v, the shares held in the two risky assets, next-period
wealth is

Wiv1 = WiR + ze(pry1 + div1 — Rpe) + vi(qey1 + ci1 — Ray).

Each investor of type h maximizes mean-variance utility

max Upe = Epa[West] — —a Varp[Wiaa], (1)
2t,Ut 2

where a > 0 is a common coefficient of absolute risk aversion. As in Brock
and Hommes (1998), we impose three simplifying assumptions: (i) risk aversion
is homogeneous, a, = a for all h; (ii) conditional variances are homogeneous and
constant; and (iii) conditional covariance is homogeneous and constant. Formally,

for all h and all ¢,

Varp [pri1 + dia] = ‘712%7 Varu g1 + ce1] = U?,u

Covie[pe1 + diy1, G + Cey1] = pOoROG,

where p € (—1,1) is the fundamental correlation between the two assets. The
first-order conditions of (1) yield optimal demands (see Appendix A):

P Enlpiy1 + diy1] — Rpy — apopogup
ht =

Y

2
aoy,
Eny[qi1 + co1] — Ry — aporogzn
5 .
aog,

(2)

Uht =

Let nyt denote the fraction of agents using expectation rule h at time ¢, with
Zle np: = 1. Total supplies of the two assets are zg and vg respectively. Imposing
market clearing, Y, npzn = 25 and ), npupe = vg, and solving for prices gives

aor

1
Pe="7 gnht Ent[pes1 + disa] — ?(ZS + poGus),

1 ao
qt = E ;nht Eht[QtJrl + Ct+l] - ?G(FUS + pURzS)'

Following Brock and Hommes (1998), we set z¢ = vg = 0. As shown in
Appendix B, under zero net supply the terms involving p cancel exactly, so the
pricing equations reduce to

1 1
Pt = }—% Zh: Npe Bpy [pt+1 + dt+1]7 qr = }—% Zh: Nht Eht[Qt+1 + Ct+1]~ (3)

The fundamental correlation p therefore plays no role in the pricing equations.



2.1 Heterogeneous expectations

Each type h forms expectations as deviations from the fundamental benchmark.
Let p; and ¢; denote the fundamental prices, p; = R~ Eyp;,, + di1] and ¢* =
R™YEigf oy + ci1]. We write

Ene[pe1 + dis1] = Eelpiy + disa] fres Ent[@r1 + ci1] = Eelgiy + ce1] 9t

where fj; and gp; capture the deviation from fundamental expectations. Sub-
stituting into (3) and defining the price deviations & = p, — pj and § = ¢, — ¢,

we obtain { 1
& = E ; Nhe [t G = }—% ; NhtGnt- (4)

The central modelling choice of this paper is that each forecasting rule operates
on both assets simultaneously. Specifically, the belief deviations ( fy;, gn¢) are linear
functions of lagged price deviations in both markets:

Ght ¢§1 ¢§Lz Gi—1)
————
= "

The diagonal entries ¢/, and ¢f, govern own-asset extrapolation: positive val-
ues correspond to trend following, negative values to contrarian beliefs, and zero
to fundamental expectations. The off-diagonal entries ¢f, and @3, introduce cross-
asset feedback: they allow the past deviation of one asset to enter the forecast of
the other. This is the channel through which non-fundamental correlation between
asset prices arises endogenously.

This structure differs from the two-asset framework of Hommes and Vroegop
(2019), where the two markets are treated as distinct and expectations in each
market depend only on that market’s own past prices. In our formulation, a single
matrix ®" governs forecasts for both assets, and the fractions n;; are common
across markets: when an agent adopts rule h, it applies to both assets simultane-
ously.

Parametric cases. The space of expectation matrices can be restricted to eco-
nomically meaningful specifications. We focus on H = 2 throughout, with a
trend-following rule ' competing against a fundamentalist rule ®2? = 0. Several
cases are of interest.

A symmetric trend-following rule with cross asset feedback parametrized by a
single scalar ¢ takes the form

@1:(; f) $2 = 0.
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The eigenvalues of ! are 1+ ¢ and 1 — ¢, so the trend-following rule is non-
stationary in isolation. When ¢ > 0, the rule expresses a positive cross-asset
extrapolation; when ¢ < 0, it expresses anti-correlation.

2.2 Performance measure and dynamics of shares

In each period agents evaluate forecasting rules on the basis of past realized profits.
Denoting x; = (&, ;)" and the demand vector of type h by kn; = (zn, vpt)’, the
realized profit of strategy h at time ¢ is

Tht = k1 (2 — REp1), (6)

where x;— Rx;_; is the vector of excess returns on the two assets in terms of de-
viations (see Appendix C for a decomposition). In the zero-supply, homogeneous-
variance setting with 0% = 04 = 02 and p = 0, the optimal demand of type h at
time t reduces to

1 h
kht = ﬁ(q) ri_1 — Rl't)

Combining with (6), the profit of strategy h at time ¢ is

1 /
—(‘ﬁhwt_z — th_l) (mt — Rmt_l). (7)

Tht =
ao?

The net utility of strategy h is Uy, = mp — Cp, where Cp, > 0 is an information
cost. Following Brock and Hommes (1998), trend-following rules are costless (C, =
0), while the fundamentalist rule requires paying a cost Co = C' > 0 to observe
the fundamental price.

Agents choose among rules according to a discrete-choice model (McFadden
1981; Brock and Durlauf 2001). The fraction of agents adopting rule h at time ¢

is
e = oy Phc) )
Zj:l exp (BUji-1)
where § > 0 is the intensity of switching. When g = 0, agents distribute
uniformly across rules; as f — oo, all agents coordinate on the best-performing
rule.
For H = 2 it is convenient to work with the share difference m; = ny — noy,
which satisfies

my = tanh <§ (U1 — U%_l)) | ()

The system (4)-(9), together with the expectation structure (5) and the profit
measure (7), defines a six-dimensional nonlinear map, whose properties we study
in next sections.



3 Stability analysis

In this section we discuss the full dynamical system which is represented as a
first-order map on RS and derive the local stability conditions of the fundamental
steady state as close form bound on the intensity of switching 3, which shrinks
with the off-diagonal elements of the trend-following matrix ®!, destabilizing the
fundamental steady state.

3.1 The dynamical system

Substituting the expectation structure (5) into the pricing equations (4) yields the
law of motion for the price deviations. Together with the logit switching rule (8)
and the profit measure (7), the complete deterministic system is

(ét = % Z nht(‘b?létfl =+ ¢]112Ct71)>
h

1
G = R Z nht(¢31€t—1 + ¢§2Ct—1)7

h
exp(BUni-1)

> exp(BUj-1)’

\Uhtq = ki o(xi 1 — Ry 9) — Oy

(10)

Npt =

The first two equations are the pricing equations (3) written in terms of the
expectation coefficients gb?j: each price deviation is a discounted weighted average
of the forecasting rules, as in Brock and Hommes (1998). The third and fourth
equations govern the evolution of the population shares through the logit rule (8)
and the performance measure (7).

Because the utility Uy, depends on x;_1, 2; 5 and, through the demand kj;_»
on x;_3, the system involves lags up to order three in each price deviation. To cast
it as a first order map we introduce four auxiliary variables, v, = &_1, 7t = Vi1,
vy = (-1, iy = Wy_1, obtaining a six-dimensional state vector

S = (fta%aTt»CtawtaMt)/ = F(s-1), (11)
where F': RS — RS is the map defined by (10) together with the identity

relations for the auxiliary variables.

3.2 The Fundamental Steady State

The Fundamental Steady State (FSS) is the fixed point s* = 0, at which prices
are set at their fundamental value (¢ = ¢ = 0) and all lagged deviations vanish.



At this point profits are zero for every strategy, so the logit fractions reduce to

S exp(—pCh)
" Zj exp(—6C;)

For H = 2 with C} = 0 (trend followers) and Cy = C' > 0 (fundamentalists),
we have ni™®% = 1/(1 + e¢7P%), representing the share of trend-following traders,
and nf®% =1 — nf"9 the share of fundamentalist traders.

At s* = 0 every strategy earns zero profit and the net utilities differ only
by the information cost. If Ch = 0 the two types split evenly, ni™% = nf9% =
% for every f. When C5 > 0, the share of the costly fundamentalist strategy,
1/(1 + €P%), decreases monotonically to zero as 3 increases: no agent pays to use
the fundamentalist strategy in a steady state where doing so yields no extra profit,
and faster selection concentrates mass on the strategy that is best in net terms,

i.e. the cheapest strategy (Brock and Hommes, 1998).

3.3 Jacobian and eigenvalue reduction

Local stability of the FSS is determined by the eigenvalues of the Jacobian J =
DF(s*). Because the auxiliary variables are lag shifts (y; = &_1, etc.), most rows
of J are trivial: evaluated at the F'SS, J takes the block form

a1 0 0 a12 0 0
1 00 0 00
0 10 0 00
Jrss = ; (12)
a921 0 0 99 00
0 00 1 00
(0 000 10

where a;; denotes the non trivial partial derivatives defined below. The com-
panion rows contribute four zero eigenvalues, so local stability is governed entirely

by the 2 x 2 block
1= (o o) ”

Q21 A2

which maps (&_1,(;—1)" into (&, ;)" at the FSS.

To compute A, note that at the FSS the shares nf*° are constants independent
of the state (since all profits vanish), so differentiating the pricing equations with
respect to the lagged deviations yields

1 o
aij =5 > ey, ij e {12},
h



Each entry of A is a weighted average of the corresponding forecasting coeffi-
cients across strategies, discounted by R. In the main case of interest where the
fundamentalist rule satisfies ®? = 0, this simplifies to

—4— . (14)

3.4 Stability conditions

The FSS is locally asymptotically stable if and only if both eigenvalues of A lie
strictly inside the unit circle. Since A = (nf®9/R)®! under (14), its trace and
determinant are Ty = (nf"%/R)T and D4 = (nf®%/R)?D, where

T = Tr(®) = ¢1, + @by, D = Det(®') = ¢1,05y — ¢1003,-

Applying the Jury conditions for a second-order characteristic polynomial® to
the characteristic polynomial of A yields the following result.

Proposition 3.1 (Stability of the FSS). Let ®? = 0,7 > 0,D > 0, and AC =
Cy — C1 > 0. The FSS is locally asymptotically stable if and only if the share of
trend followers satisfies nt™S% < n., where

1 T —+T?—-4D
Nk 2D
FSS

Equivalently, since ny>> is striclty increasing in 3, the FSS is locally asymptotically

stable if and only if
1 N
B<BC:ACII1<1_HC). (16)

Proof. See Appendix D. n

ne = Rmin{ (15)

Proposition 3.1 provides a necessary and sufficient condition for the stability
of the Fundamental Steady State in terms of the trace and determinant of ®! and
therefore covers any 2x 2 specification with 7" > 0 and D > 0. The critical threshold
n. is the maximum share of trend followers compatible with a locally stable F'SS:
below it, the stabilising effect of fundamentalists is strong enough to anchor prices
to fundamentals; above it the FSS loses stability. When T2 < 4D, the eigenvalues
of ®! are complex conjugate, the condition 1 — T4 + D4 > 0 is automatically
satisfied for all positive nf"*¥ and only the third 1—D, > 0 binds; in that case n. =

R/vD. In terms of the switching parameter, . is the largest intensity of choice

IThe Jury conditions state that both roots of A2 — Ty + D4 = 0 lie inside the unit disc if
and only if (i) 14+ T4+ D4 >0, (1) 1 —Ta+ Da >0, and (iii) 1 — D4 > 0.
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compatible with FSS stability. For § < (. agents respond slowly to the fitness
gap, the population remains spread across rules and the fundamentalist share is
large enough to stabilize prices; for 5 > . agents respond sharply and concentrate
on the cheaper trend-following rule, pushing nf5 above n, and destabilising the
FSS. Note that 8. depends on AC": a smaller information cost differential raises
B, the Fundamental Steady State remains stable for a longer interval when the
strategies have similar costs.

Whether a finite S, exists at all is governed by the spectral radius p(®!), equal
t0 Amax for real eigenvalues and to v/D for complex ones, through n. = R/p(®").
Since nS5(8) increases strictly from % at 5 = 0to1las 8 — oo, the FSS is
stable for every 8 when p(®') < R, unstable for every 8 > 0 when p(®') > 2R
and loses stability at the unique threshold 8. = AC™'In (R/(p(®') — R)) when
R < p(®') < 2R; the three specifications of Section 4 all fall in this last regime

(see Figure 1).

5 :
1l
i
] Unstable FSS
4 i B>B.
i
1
1
i
31 i
1
1
oY E diagonal
i
21 i symmetric
] asymmetric
1
a:i s
1A I ‘ﬁ'
QI
! Stable FSS S
! B<B.
]
0+ ! T T T T T t
1.0 1.2 1.4 1.6 1.8 2.0 2.2

Figure 1: Local stability of the fundamental steady state in the (p(®'), /)
plane, for R = 1.1, AC = 1. The solid curve is the exact boundary S.(p) =
AC~'In[R/(p — R)], separating the locally stable region (blue, nf99(8) < R/p)
from the unstable one (red). We can identify three regimes that charecterize the
stability of the FSS as three columns: for p < R the FSS is stable for every (;
for R < p < 2R it loses stability at a single finite f5.; for p > 2R it is unstable
for all 8 > 0. The diagonal, symmetric and asymmetric specifications (markers,
p =1.20,1.30,1.34) all lie in the intermediate regime, on a single boundary curve,
with . = 2.40,1.70, 1.52.

An alternative sufficient condition based on the Gershgorin circle theorem,
which provides a simpler but more conservative bound, is given in Appendix E.

11



Baseline example. For the parametrization R = 1.1,C; = 0,0y, = 1,®! =
diag(1.2,1.2),®? = 0, we have T = 2.4,D = 1.44, and T? = 4D. Both bounds
in (15) coincide at n, = R/vVD ~ 0.917 giving . ~ 2.4. The FSS is therefore
locally stable for all f < 2.4: even though trend followers pay no information
cost, the FSS remains stable for moderate values of the intensity of switching.
As [ increases beyond f., the FSS loses stability and non-fundamental dynamics
emerge.

Effect of cross-asset feedback. Introducing non-zero off-diagonal elements in
®! increases T?—4D (when the off-diagonal entries share the same sign) and lowers
n. through the second bound in (15). Cross-asset feedback therefore destabilises
the FSS: a smaller intensity of switching suffices to push the system beyond the
stability boundary. Quantitatively, for ®' = ({2 91) we obtain 8. ~ 1.7, and
for @1 = (1292) the threshold drops further to . ~ 1.52. The mechanism is
transparent from (14): larger off-diagonal entries increase the spectral radius of
®! and hence of A, tightening the stability bound. In Section 4 we investigate
the properties of the system beyond the fundmental steady state, classifying the
dynamics for each of the three cases above.

4 Numerical analysis

The stability analysis of Section 3 provides conditions under which the fundamen-
tal steady state is locally asymptotically stable, expressed through the threshold
B. on the intensity of switching. Beyond this threshold the FSS loses stability:
one eigenvalue of the block A crosses +1, which, given the symmetry of the FSS
(s* = 0), corresponds to a pitchfork bifurcation. The analytical framework, how-
ever, is silent on the global dynamics that emerge past the bifurcation point: the
nature of the attractors, the route to complex behaviour, and the comovement
properties of the two price deviations. We address these questions by simulating
the deterministic skeleton of the system.

Throughout this section the parameters R = 1.1, C} = 0, and (ac?)™' =1 are
held fixed. The fundamentalist rule is @2 = 0 in all experiments. The objects of
interest are the trend-following matrix ®' and the intensity of switching 3. Initial
conditions are set to £ = 0.1 and ¢ = 0.15.

We proceed in three steps. First, we consider a diagonal ®' that reduces
the model to two decoupled copies of the Brock and Hommes (1998) single-asset
framework, linked only through the shared switching mechanism. This serves as
the benchmark against which the effects of cross-asset expectations are measured.
Second, we introduce symmetric off-diagonal elements in ®!, so that each asset’s

12



forecast extrapolates equally from the other. Third, we allow the off-diagonal
elements to differ, breaking the exchange symmetry between the two assets.

4.1 Diagonal benchmark

The diagonal benchmark sets off-diagonal entries of ®! to zero, so that each as-
set’s forecasting rule depends only on its own lagged deviation. The two pricing
equations are then decoupled and the model reduces to two independent copies of
the single asset framework of Brock and Hommes (1998), sharing only the pop-
ulation shares nq;, ng; assigned by the logit rule (8). This specification serves a
dual purpose: it isolates the role of the shared switching mechanism by removing
the expectation channel entirely so that any comovement between & and (; must
originate from the logit and it provides a baseline against which the off-diagonal
specifications of Sections 4.2 and 4.3 can be compared.
Consider the trend-following matrix

¢ = (162 1(.)2) ' (17)

Since ¢}, = @3, = 0, the pricing equation for each asset depends only on its own
lagged deviation. The two markets are coupled exclusively through the logit rule,
which assigns a single population share ny; governing both assets simultaneously.

Since ®! = diag(1.2,1.2) and A = (nf5/R)®! by (14), the block A is itself
diagonal with identical entries nf55¢L/R. Tts two eigenvalues therefore coincide
and reach the unit circle simultaneously when nf® = R/¢l = 1.1/1.2 ~ 0.917,

which through the logit yields S. ~ 2.40.

Time series. Figure 2 displays the price deviations and population shares at
£ = 3.6, well above the stability boundary. The system exhibits quasi-periodic
orbits characterized by explosive rises followed by sharp reversals, the bubble-and-
crash pattern documented in the single-asset HAM literature (Brock and Hommes,
1998; Hommes, 2013). The two deviations & and (; display the same qualitative
dynamics, bubbles and crashes occurring at the same times, but with persistently
different amplitudes, the difference being determined by the initial conditions.

13



diagonal, B=3.6

1501 — &
1.251
1.00 1
L3
W 0.75 1
0.50 1
0.25 1

0.00 -

AR T R B T
S . R R

0 100 200 300 400 500
t

— m (trend)
— ny (fund.)

Figure 2: Price deviations &, (; (top panel) and population shares mis, no
(bottom panel) for the diagonal specification (17) at 5 = 3.6. Trajectories remain
distinct, quasi-periodic orbits, exhibiting the classical bubble-and-crash pattern.

The comovement of & and (; is notable because no element of the expectation
structure links the two assets. A counterfactual simulation in which agents switch
strategies independently for each market shows that the correlation drops from
p = 1.00 to p = 0.27 (see Appendix F for the full analysis). The near perfect
comovement therefore originates entirely from the shared logit: when agents revise
their strategy they do so for both assets at the same time, imposing a common
regime on both pricing equations.

Bifurcation structure. Figure 3 reports the bifurcation diagram for & and (; as
3 varies over [1.0,4.5]. For 5 < (. the FSS is the unique attractor; at 5 = (. both
eigenvalues of A reach +1 simultaneously, and a continuum of non-fundamental
steady states emerges along a circle in the plane (£, (). The economic mechanism
is the following: as f rises the logit responds more sharply to differences in realized
net profit. At the FSS both rules forecast correctly and earn the same gross profit,
so the fitness gap reduces to the information cost: trend followers pay nothing while
fundamentalists pay Cs. Trend followers are therefore favoured at every g > 0 and
their share n!™% = (1 4 ¢ #2Y)~1 grows. At 3. ~ 2.40 it reaches n. ~ 0.917,
the extrapolative feedback exactly offsets discounting, and the fundamental price
stops being attracting.
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Bifurcation: diagonal
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Figure 3: Bifurcation diagram for & (left) and (; (right) as a function of g €
[1.0, 4.5], diagonal specification (17). The dashed red line marks g, ~ 2.40.

Figure 4 shows the moduli of the two eigenvalues of the 2 x 2 block A evaluated
at the F'SS as a function of 5. In the diagonal specification the eigenvalue coincide
at nfS¢L /R for both i, so the curves overlap: they grow monotonically with j3

through the logit and both cross +1 at (. ~ 2.40.

Eigenvalue moduli: diagonal
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Figure 4: FEigenvalue moduli of the 2 x 2 block A evaluated at the FSS as a

function of 3, diagonal specification (17). The dashed grey line marks . where
the eigenvalues cross the unit circle.

The transition from the stable non-fundamental fixed point to the quasi-periodic
regime visible in Figure 2 requires a second bifurcation whose classification de-
mands the full six-dimensional Jacobian evaluated at the non-fundamental fixed
point. We locate this fixed point numerically for each value of § > . and com-
pute the 6 x 6 Jacobian by finite differences (see Appendix G for the numerical
procedure and the complete eigenvalue trajectories).

Figure 5 reports the moduli of the non-trivial eigenvalues of this Jacobian for
f > B, distinguishing real eigenvalues (squares) from complex conjugate pairs
(circles). For 5. < < 2.88 all non-trivial eigenvalues are real and lie strictly
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inside the unit disc, so the non-fundamental fixed point is locally stable. At
B =~ 2.88 two real eigenvalues merge into a complex pair whose modulus grows
monotonically and crosses the unit circle at fng ~ 3.33. This is a Neimark-Sacker
bifurcation: the non-fundamental fixed point loses stability and an invariant close
curve arises, corresponding to the quasi-periodic bubble-and-crash orbits observed
in Figure 2.

Non-fundamental FP eigenvalues: diagonal
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Figure 5: Non-trivial eigenvalue moduli of the 6 x 6 Jacobian at the non-
fundamental fixed point as a function of g, diagonal specification (17). Squares:
real eigenvalues; circles: complex conjugate pairs. The dashed green line marks
Ons ~ 3.33 where the complex eigenvalue crosses the unit circle producing a
Neimark-Sacker bifurcation.

The complete bifurcation sequence for the diagonal benchmark is: (degener-
ate) pitchfork at the FSS (8. ~ 2.40) — stable non-fundamental fixed point —
Neimark-Sacker (Oxs =~ 3.33) — quasi-periodic dynamics. The gap between the
pitchfork bifurcation and the Neimark-Sacker bifurcation is AfS =~ 0.93.

The non-fundamental fixed point (selected at the symmetric representative
& = (**, see Appendix G for the fixed-point continuum in the diagonal case) has
a unit eigenvalue in the differential direction (1, —1)’, the direction in which the
two deviations move apart, while the common direction is damped. The conse-
quences of this structure for the stochastic system are examined in Section 5.1 and
Appendix H.

4.2 Symmetric cross-asset expectations

The simplet deviation from the diagonal benchmark is introducing equal off-
diagonal entries ¢}, = ¢, = ¢ > 0, so that asset’s trend-following forecast
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extrapolates equally from the other’s lagged deviation activating the cross-asset

expectation channel. The non-trivial off-diagonal elements increase the spectral

radius of ®! relative to the diagonal benchmark, making the stability bound of

Proposition 3.1 tighter (lowering f.), i.e. the pitchfork bifurcation occurs earlier.
For the numerical analysis we adopt

1.2 0.1
1 _
¢ = (0.1 1.2)7 (18)
so that each asset’s trend-following forecast extrapolates symmetrically from

the other’s lagged deviation. From the stability analysis, 8. &~ 1.70: the off-
diagonal entries lower the threshold by 29% relative to the diagonal case.

Time series. Figure 6 shows the system at § = 2.4. Two properties distin-
guish this case from the diagonal benchmark. First, the deviations & and (;
overlap exactly: the time-averaged absolute difference is |§; — ;| = 0.000, indi-
cating perfect synchronization despite different initial conditions. The matrix ®*
in (18) has eigenvalues 1.3 and 1.1, with eigenvectors (1,1)" and (1,—1)". Since
A = (nS3/R)®!, the block A has the same eigenvectors. The eigenvalue associ-
ated with (1,1)" is the larger of the two and is the first to cross the unit circle as
increases. At the bifurcation the system therefore destabilizes along the direction
¢ = (: both deviations grow together. Conversely, the eigenvalue associated with
(1, —1), the direction along which ¢ and ¢ move apart, equals A ~ 0.846 at 5 = [,
and remains strictly inside the unit circle. Any difference & — (; introduced by the
initial conditions therefore shrinks geometrically over time, and the long-run orbit
satisfies & = (; exactly.

Second, the oscillations in the population share n;; preceding each crash are
sharper than in the diagonal case. The largest eigenvalue of ®! is 1.3 versus 1.2 in
the diagonal specification: the effective trend-following rule amplifies mispricings
more strongly per iteration when cross-asset feedback is present. Larger mispric-
ings produce larger swings in realized profits (7), so the logit (8) switches faster
between the two strategies.
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symmetric, B=2.4
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Figure 6: Price deviations &, (; (top panel) and population shares mis, no
(bottom panel) for the symmetric specification (18) at § = 2.4. Trajectories
overlap in quasi-periodic orbits, 5 = 2.4 is smaller than the one chosen for 2 to
show the classical bubble-and-crash pattern.

Bifurcation structure. The bifurcation diagram (Figure 7, § € [1.0,2.2]) and
the dynamics of the eigenvalue moduli of the 2 x 2 block A evaluated at the FSS,
(Figure 8), confirm the pitchfork at . ~ 1.70.

Bifurcation: symmetric
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Figure 7: Bifurcation diagram for & and ¢;, 8 € [1.0, 2.2], symmetric specifica-
tion (18). The dashed red line marks (. ~ 1.70.

18



Eigenvalue moduli: symmetric
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Figure 8: Eigenvalue moduli of the 2 x 2 block A evaluated at the FSS as a

function of 5, symmetric specification (18). The dashed grey line marks . where
one eigenvalue crosses the unit circle.

The secondary bifurcation analysis (Figure 9) reveals the same qualitative pat-
tern as the diagonal case: two real eigenvalues of the 6 x 6 Jacobian at the non-
fundamental fixed point coalesce into a complex conjugate pair whose modulus
crosses the unit circle at fys ~ 2.21. The eigenvalue along the differential direc-
tion (1, —1)" remains constant at 0.846 throughout and the bifurcation is driven
by the eigenvalues associated with the common direction.
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Figure 9: Non-trivial eigenvalue moduli of the 6 x 6 Jacobian at the non-
fundamental fixed point, symmetric specification (18). Notation as in Figure 5.
The dashed green line marks fng ~ 2.21 where the complex eigenvalue crosses
the unit circle.
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The interval between the two bifurcations (fns — ) narrows to Ag = 0.51, a
compression of 45% relative to the diagonal benchmark. Cross-asset expectations
therefore have a twofold destabilizing effect: they lower the threshold at which
the FSS loses stability and they reduce the parameter range over which a non-
oscillatory mispricing can persist. In contrast to the diagonal case, at the non-
fundamental fixed point the differential direction is damped (eigenvalue modulus
0.846) while the common direction governs the dominant dynamics.

4.3 Asymmetric cross-asset expectations

Finally, we allow the cross-asset feedback to be asymmetric by setting

1 1.2 0.2
¢ = (0.1 1.2)’ (19)
so that the forecast of asset 1 extrapolates twice as strongly from the lagged
deviation of asset 2 as the reverse (¢, = 0.2 versus ¢3; = 0.1). The largest
eigenvalue of ®! is 1.2 + 1/0.02 ~ 1.341, yielding 8. ~ 1.52. The percentage
reductions in [, relative to the diagonal benchmark are 29% for the symmetric
specification and 37% for the asymmetric one; moving from the symmetric to

the asymmetric specification accounts for a further 11% reduction relative to the
symmetric threshold itself.

Time series. Figure 10 shows the system at § = 2.1. Although & < (p, the
long-run amplitude ordering is reversed: asset 1 exhibits larger deviations than
asset 2, with |&,] = 0.40 versus |¢;| = 0.283. The time-averaged absolute difference
| — (] = 0.117 is between the diagonal case (0.149) and the symmetric case
(0.000): the asymmetric feedback partially synchronizes the two assets but cannot
achieve exact convergence because ¢}, # ¢, breaks the invariance of the subspace

£=¢.
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Figure 10: Price deviations &, (; (top panel) and population shares ni;, no
(bottom panel) for the symmetric specification (19) at 5 = 2.1. Trajectories
recover distinct dynamics in quasi-periodic orbits.

To verify that the amplitude ordering is governed by ®!' rather than by the
initial conditions, we repeat the simulation with ¢}, and ¢},, keeping all other
parameters identical. Table 1 reports the results: the amplitude ordering reverses
almost exactly. The mechanism is direct. The coefficient ¢, determines how
strongly the lagged deviation of asset 2 enters the forecast of asset 1. When
dly > ¢k, asset 1 extrapolates more aggressively from asset 2, amplifying its own
deviations.

&l Gl
¢, =02, ¢§, =0.1 0.400 0.283
P, = 0.1, ¢i, =02 0.287 0.406

Table 1: Transpose experiment for the asymmetric specification (19) at 5 = 2.1.
Swapping the off-diagonal elements of ®! reverses the relative amplitude of the
two deviations.

Bifurcation structure. Again, the bifurcation diagram (Figure 11, 5 € [1.0,2.2])
and the dynamics of the eigenvalue moduli of the block A evaluated at the FSS,
confirm the pitchfork at 5. ~ 1.52.
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Bifurcation: asymmetric
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Figure 11: Bifurcation diagram for & and (;, 8 € [1.0, 2.2], asymmetric specifi-
cation. The dashed red line marks 5. ~ 1.52.

Similarly, the secondary bifurcation analysis (Figure 12) yields a Neimark-
Sacker bifurcation at Ong ~ 1.95, following the same eigenvalue coalescence pattern
documented for specifications (17) and (18).
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Figure 12: Non-trivial eigenvalue moduli of the 6 x 6 Jacobian at the non-
fundamental fixed point, asymmetric specification. Notation as in Figure 5. The
dashed green line marks fng ~ 1.95 where the complex eigenvalue crosses the
unit circle.

The gap between the two bifurcations narrows further to Ag = 0.43, less than
half that of the diagonal benchmark.

4.4 Summary from the numerical study

Table 2 collects the main quantitative results across the three specifications.
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(17)  (18)  (19)

3. (Pitchfork) 240 170 1.52
fns (Neimark-Sacker) 3.33 221 1.95
AB = Brs — Be 093 051 043
€, — G 0.149 0.000 0.117

Table 2: Summary of the deterministic analysis. The convergence metric |§; — (|
is the time-averaged absolute difference between the two price deviations, evalu-
ated beyond the transient.

Three findings emerge. First, cross-asset expectations compress the bifurca-
tion structure. Off-diagonal elements that are at most 17% of the diagonal entries
reduce AfS from 0.93 — 0.43, a compression exceeding 50%. Both the primary
threshold . and the secondary threshold fns decrease monotonically as the spec-
tral radius of ®! increases, but 3. decreases faster than Byg, so the stable non-
fundamental regime shrinks.

Second, the route to complex dynamics is robust across specifications: a pitch-
fork bifurcation at the FSS is followed by a Neimark-Sacker bifurcation at the
non-fundamental fixed point, giving rise to quasi-periodic orbits. The invariant
closed curve born at the Neimark-Sacker bifurcation corresponds to the bubble-
and-crash dynamics visible in the time series.

Third, the degree of synchronization between & and (; is governed by the
symmetry properties of ®!. In the diagonal case, comovement arises exclusively
from the shared switching mechanism (p = 1.00 under shared switching versus
p = 0.27 under independent switching). Symmetric off-diagonal elements reinforce
this comovement to exact convergence by making the subspace £ = ( invariant.
Asymmetric off-diagonal elements produce partial convergence and determine the
relative amplitude of the two deviations: the asset whose forecast extrapolates
more aggressively from the other develops larger long-run swings, as confirmed by
the transpose experiment (Table 1).
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5 Behavioral correlation

The deterministic analysis of Sections 4.4 establishes that cross-asset expectations
compress the bifurcation structure and produce synchronization between the two
price deviations. We now study whether this mechanism survives the introduction
of exogenous noise. The central question is then whether cross-asset expectations
amplify the realized correlation between the two assets beyond the correlation
implied by their fundamentals.

Setup of the stochastic dynamical system. We add a correlated noise term
to the pricing equations (10):

&\ _ 1 hof &1
(ct) “ R mm® <<t_1> e (20

where g, = Le;, with e, ~ N(0,0%l,) and L is the Cholesky factor of the
correlation matrix (2 f) The parameter o governs the exogenous fundamental
correlation between the two assets; ¢ controls the noise scale. The noise can be
interpreted as correlated shocks to the fundamental price processes, or equivalently
as correlated approximation errors in the agents’ common estimate of the funda-
mental values. Throughout the baseline analysis we set ¢ = 0.01 and o = 0.1.
Sensitivity to both parameters is examined in Appendix I.

For each parameter configuration (3, ®',0,0), we iterate the stochastic sys-
tem (20) for 7" = 2000 time steps, discard the first 1000 as transient, and compute
the Pearson correlation p(&, ¢) on the remaining 1000 steps tail. Each configuration
is replicated M = 200 times with independent noise draws. Reported statistics
are the cross-replication mean j and its standard error se = s/v/M.

Correlation amplification. We study the properties of the stochastic system
focusing on the examples 4.1 and 4.2 from the numerical section. Figure 13 reports
the mean realized correlation p(3) for specifications (17) and (18), together with
90% percentile bands across the M replications. Vertical lines mark the pitchfork
threshold . and the Neimark-Sacker threshold fyg from the deterministic analysis.
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Correlation amplification: diagonal
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Figure 13: Mean realized correlation p(&, ¢) as a function of 3, with 90% Fisher
z confidence bands (blue) and 90% raw percentile bands (orange). Top: specifica-
tion (17). Bottom: specification (18). Dashed red: exogenous correlation g = 0.1.
Dotted grey: S.. Dash-dot purple: Sng. Under diagonal expectations p follows p
below (., while symmetric cross-asset feedback lifts p to =~ 0.93 at 5., an excess
of 0.83 over the fundamental baseline.

The two panels present a sharp contrast. For specification (17), the mean
correlation remains indistinguishable from the fundamental level o for all g < S,
where . is exactly the bifurcation of value of 3 for the diagonal regime. Above S,
a regime of negative mean correlation appears (p ~ —0.58), with a wide percentile
band ([—0.90, +0.15]) indicating that the sign of the correlation is sensitive to the
particular noise draw. The mechanism behind this sign reversal is examined in
Section 5.1 and Appendix H.

For specification (18), the mean correlation rises from p ~ 0.18 at low § to
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a peak of p ~ 0.93 at § = (., an excess of 0.83 over the fundamental baseline
o = 0.1 (se = 0.004). Already at low values of the intensity of choice, such as
B =~ 0.5, well below the pitchfork bifurcation, we observe an excess correlation of
0.14 (se < 0.005). The excess correlation increases monotonically until it reaches
a peak exactly at the bifurcation value .. Above f., the correlation dips to
approximately 0.64 before recovering toward unity beyond fys; the mechanism
behind this non-monotonicity is examined in Section 5.1.

The off-diagonal elements of ®! are therefore the decisive input: without cross-
asset expectations, no amplification occurs and the correlation can even turn neg-
ative.

5.1 Non-monotonicity of the realized correlation

The mean realized correlation between the two assets in the symmetric specifica-
tion is non-monotonic in the intensity of choice 5. As shown in the lower panel
of Figure 13, p rises sharply as 8 approaches the pitchfork threshold, peaks at
p ~ 0.927 (se = 0.005) near 5. ~ 1.70, then declines over the interval 5. < 8 < fxs
to a local minimum of p ~ 0.631 (se = 0.005) at 5 ~ 1.95, before recovering toward
unity beyond fng &~ 2.21. The dip is present at every fundamental correlation level
tested (Table 3) and its location is stable across p, as shown in Figure 14.

o patpeak patmin difference
0.0 0.900 0.577 0.323
0.1 0.927 0.631 0.296
0.3 0.948 0.748 0.200
0.5 0.965 0.836 0.129

Table 3: Post-bifurcation dip in mean correlation for specification (18). The
peak occurs at 8 =~ 1.71 and the trough at 5 ~ 1.95 across all . Each entry is
the mean over M = 100 replications; standard errors are below 0.006 throughout.
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Figure 14: Mean realized correlation p(&, () for o € {0,0.1,0.3,0.5}, specifica-
tion (18), 8 € [1.4,2.5]. Dotted grey: . = 1.70, pitchfork bifurcation. Dash-dot
purple: Ons & 2.21 Neimark-Sacker bifurcation.

The mechanism can be traced to the eigenvalue structure of the Jacobian at the
non-fundamental fixed point. Figure 15 displays the mean correlation alongside
the non-trivial eigenvalue moduli of the 6 x 6 Jacobian over 5 € (f.,2.5]. The
eigenvalue trajectories begin at . ~ 1.70 (the pitchfork bifurcation) because the
non-fundamental fixed point does not exist below the pitchfork.
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Figure 15: Top: mean realized correlation p(&, ) with 90% confidence band,
specification (18). Bottom: non-trivial eigenvalue moduli of the 6 x 6 Jacobian
at the non-fundamental fixed point. Squares: real eigenvalues. Circles: complex
conjugate pair. Grey line: eigenvalue pinned at n?ss ~ 0.846. Dashed red:
eigenvalue coalescence (8 ~ 1.96). Dash-dot purple: fng ~ 2.21.

Just above f., the dominant eigenvalue has modulus ~ 0.998: perturbations
from the fixed point decay very slowly. Noise shocks therefore produce persistent
fluctuations in both & and ¢,. Because the symmetric matrix ®! propagates each
asset’s shock into the other’s forecast, these fluctuations are strongly correlated
across assets. As [ increases, two real eigenvalues of the Jacobian converge: the
dominant one falls from 0.998 to 0.766 while a second rises from 0.033 to 0.692. The
fixed point becomes more stable, the orbit concentrates more around it, and the
time series variation is increasingly driven by the independent component of the
noise rather than by the shared deterministic response. The correlation declines.

At 0 ~ 1.96, the realized correlation reaches its minimum in the range between
B. and Pns, the two real eigenvalues merge into a complex conjugate pair at mod-
ulus 0.732. This is the point of fastest perturbation decay, and it coincides with
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the correlation dip: the local minimum lies at § ~ 1.95, within grid precision of
the point where the complex pair emerges. Beyond the coalescence, the complex
pair’s modulus rises toward the unit circle, which it crosses at Ong. Perturbations
decay more slowly, the shared oscillatory response to shocks grows, and the cor-
relation recovers. After fys the fixed point is unstable, the system moves onto a
quasi-periodic attractor of increasing amplitude, and p approaches unity.

Two facts support the argument. First, a higher g places a floor under p: at o =
0.5 the dip is only 0.13 (Table 3), because even the independent noise component
retains substantial positive correlation. Second, the noise scale sensitivity analysis
(Appendix I) shows that at § = 2.0 (near the minimum), increasing ¢ from 0.001
to 0.1 raises the correlation from 0.65 to 0.88: stronger noise overwhelms the fine
structure near the coalescence.

The diagonal specification (17) also displays a decline in mean correlation above
Be, but the decline continues into the negative region (p ~ —0.58 near 3 ~ 2.9).
The reason lies in the eigenvector structure at the non-fundamental fixed point. In
both specifications the fixed point has £* = (*, but the directions that are stabilized
differ. Under (18), the pitchfork occurs along the common direction (1,1)", and
the differential direction (1, —1)" is damped (eigenvalue modulus 0.846). Common
perturbations persist longer than differential ones, so the correlation stays positive.
Under (17), the situation is reversed: the Jacobian at the non-fundamental fixed
point has a unit eigenvalue whose eigenvector is the differential direction, while the
common direction is damped by a complex pair of modulus 0.819. The differential
perturbations therefore accumulate under repeated noise, the common ones decay,
and Cov (&, ¢;) turns negative (Appendix H).

5.2 Decomposition of comovement

The amplification documented in the previous paragraph could operate through
two channels: the off-diagonal elements of ®!, which link each asset’s forecast
to the other’s lagged deviation, and the shared logit rule (8), which forces both
assets to be governed by the same population share ny;. To separate these channels
we construct three configurations of the model, all under specification (18) with
o =0.01 and ¢ = 0.1: the full model specification ®* = ({2 9-1), shared switching,
correlated mnoise; diagonal expectations, where @' is replaced with diag(®') =
(12 %), shared switching, same noise; independent switching, same diag(®*'), but
each asset switches independently based on its own profit, same noise.

For each replication, the three configurations receive the same noise sequence
(common random numbers), so that difference in realized correlation can only be
explained by the model structure. The expectation channel is Aexp = Pran — Pdiag;
the switching channel is Agyitch = Pdiag — Pindep; the residual pingep is the noise
baseline.
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Table 4 reports the results at selected S values.

5 [)full ﬁdiag )6 indep Aexp Aswitch
0.50 0.239 0.101 0.101 0.138 0.000
0.85 0.326 0.101 0.101 0.225 0.000
1.20 0.472 0.099 0.099 0.372 0.000
1.70 0921 0.097 0.097 0.824 0.000
2.00 0.655 0.107 0.107 0.548 0.000
2.40 0.998 0.058 0.054 0.940 0.004

Table 4: Decomposition of realized correlation for specification (18). Each entry
is the mean over M = 200 replications with common random numbers. Standard
errors are below 0.005 for all entries at 8 < 2.0 and below 0.031 at g = 2.4.

The expectation channel accounts for the entire excess correlation at every f:
Aexp ranges from 0.14 at § = 0.5 to 0.94 at § = 2.4. The switching channel is
indistinguishable from zero at all 5 values below fng and reaches at most 0.004 at
the highest value tested. The noise baseline tracks o = 0.1 closely, drifting below
it only at § = 2.4 where the large deterministic attractor absorbs part of the noise
variance.

This result complements the deterministic comparison between the diagonal
and symmetric specifications. In the diagonal benchmark, the two assets are linked
only by the shared switching rule: this is enough to generate synchronized regimes
in the deterministic system, but it does not generate excess realized correlation
(Table 4). Replacing shared switching with independent switching leaves the re-
alized correlation essentially unchanged. The difference therefore comes from the
expectation matrix, not from the switching rule: under the symmetric specifi-
cation, the off-diagonal elements of ®! transmit shocks from one asset into the
forecast of the other, creating a joint propagation mechanism; under the diagonal
specification, that propagation channel is absent. Appendix H shows that this
distinction also appears in the local dynamics around the non-fundamental fixed
point: in the diagonal case differential perturbations are not damped, whereas in
the symmetric case they are. This is why the expectation channel accounts for the
excess correlation in Table 4, while the switching channel is negligible.

5.3 Summary of the analysis of excess correlation

The stochastic analysis yields three results.

First, cross-asset expectations amplify the realized correlation well beyond the
exogenous baseline. Under specification (18) with o = 0.1, the excess correlation
p — o reaches 0.83 at (. (se = 0.004). The effect is present even at low 5 (excess
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= 0.14 at 8§ = 0.5) and is robust to changes in the noise scale: across a two
orders of magnitude range of o, the correlation at § < 1.0 varies by less than
0.005 (Appendix I). The amplification does not require exogenous correlation: at
0 = 0, the mean realized correlation is 0.90 at 5. (Appendix J). Under diagonal
expectations (17), by contrast, no amplification occurs for § < f.; above 5. mean
correlation is reverse and turns negative.

Second, the amplification operates entirely through the expectation channel.
The decomposition of Section 5.2 shows that replacing the symmetric (18) with
its diagonal (17) eliminates the excess correlation, while replacing the shared logit
with independent switching has no effect. The eigenvector analysis of Appendix H
identifies the structural reason: the off-diagonal elements of ®! damp the differen-
tial component of the two-asset system, keeping the common variation dominant.
Without them, the differential component carries a unit eigenvalue and accumu-
lates under noise, driving the correlation toward zero or below.

Third, the mean correlation is non-monotone in : it peaks near (., dips in
the region . < 8 < fns and recovers beyond [ns. The local minimum coincides
with the coalescence of two real eigenvalues into a complex pair (Section 5.1) and
is present at every exogenous correlation level tested (Table 3).

At high 8 the correlation approaches unity, but this should not be interpreted
as evidence that the two assets become identical. The mean absolute gap |, — (|
remains bounded away from zero (approximately 0.020 in the post bifurcation
region for specification (18)); what drives p — 1 is the growth of the common
deterministic component relative to the noise, a signal-to-noise ratio effect docu-
mented in Appendix K.

6 Conclusion

This paper proposes a model that describes a mechanism through which trading
behavior with heterogeneous expectations introduces excess covariance between
financial assets. We extend the Brock & Hommes framework to a market with two
risky assets where forecasts for one asset depends on the lagged price deviations of
both through a forecasting matrix ®!. Its off-diagonal elements introduce cross-
asset expectations as a distinct source of endogenous comovement.

The deterministic analysis establishes that cross-asset expectations are destabi-
lizing: off-diagonal elements that are small relative to the diagonal entries substan-
tially lower the stability threshold of the fundamental steady state and compress
the region in which a stable non-fundamental fixed point can persist. The bi-
furcation route, pitchfork followed by Neimark-Sacker, is robust across the three
specifications we examine, and the symmetry properties of ®! govern the degree of
synchronization between the two price deviations: symmetric off-diagonal elements

31



make the system symmetric in the two assets, so that the two deviations converge
exactly once they meet, while asymmetric elements produce partial convergence
and determine which asset develops larger long-run swings.

The stochastic analysis shows that these properties carry over to the noisy
system. Cross-asset expectations amplify the realized correlation far beyond the
exogenous noise correlation and we can attribute this amplification entirely to the
expectation channel rather than to the shared switching mechanism. The real-
ized correlation is non-monotone in the intensity of switching: it peaks near the
pitchfork threshold, dips where the non-fundamental fixed point is most stable, and
recovers beyond the Neimark-Sacker threshold. We trace this pattern to the eigen-
value structure of the Jacobian at the non-fundamental fixed point, specifically the
coalescence of two real eigenvalues into a complex pair. A change of coordinates
into common and differential components reveals that the off-diagonal elements
of ®! are necessary not only for amplifying the correlation but also for keeping it
positive: without them, the differential component carries a unit eigenvalue and
accumulates under noise.

Our finding that cross-asset expectation formation alone can generate realized
price correlation far in excess of fundamental correlation offers a mechanism for
the excess comovement documented since Pindyck and Rotemberg (1990, 1993)
and for the location-of-trade effects in dual-listed companies (Froot and Dabora,
1999). Acknowledging category and habitat effects (Barberis et al., 2005) and the
impact of shared information in the pricing of different assets (Veldkamp, 2006),
our model shows that a joint extrapolative forecasting rule is by itself sufficient.

Whether the mechanism identified here is quantitatively relevant for observed
asset correlations is an open question that would require calibration to the data.
The analytical tractability of the model, however, makes the cross-asset expecta-
tion channel easy to isolate and the results suggest that the structure of forecasting
rules is a quantitatively relevant determinant of price comovement.
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Appendix

A Conditional variance and F.0O.C.s

The difference between realized and expected wealth at ¢t + 1 is

Wt+1 - Eht[WtJrl] =
2 (D1 + dey1 — Ene [pt+1 + dt+1]) + (g1 + 41 — B [Qt+1 + Ct+1D-

Setting A;11 = pry1 + dir1 and By = q1 + ¢1 for compactness, the condi-
tional variance of next-period wealth is

Vary [Wiii] = Ep [(3t<At+1 — En[Avi]) + vi(Biy1 — B [Bt+1])>2]
= Zt2 Varht[At+1] ‘I— ’Ut2 Varht[Bt+1] + QZtUt COVht[At+1, Bt-i—l]' (21)

Differentiating (1) with respect to z; and v; and setting both derivatives to zero
gives the system

Eni[pis1 + div1] — Rpy — CthUJQ% — avgporog = 0, (22)
Entlgee1 + c1] — Rar — CWtUé —azporog = 0, (23)

which yields the demand functions (2). Solving the 2 x 2 system for (zpt, vpe)
as functions of prices and expectations gives

Enpes1 + dis1loc — Ent[qir + civ1|por — Rpiog + RQt,OUR
wwhoal— )

En|qi1 + cey1lor — Ene[pey1 + dea]poe — Rgior + RPtPUG
aocrod (1 — p?)

Zht =

Uht =

B Cancellation of the fundamental correlation

We show that under zero net supply (zg = vg = 0) the fundamental correlation
p drops out of the pricing equations. Starting from the solved demands, market
clearing requires ), npizpe = 0 and >, npvpe = 0. After multiplying through by
the common denominators, the system becomes

o o
Rp, = Z Nt Ept[pei1 + disa] — Pon Z nnt Eneqen + e + RQtp ;
oG

Rg; = Z Nt Enelqrn + co] — — Z Nt Epe[pe1 + diya] + Rptp
OR
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Substituting the second equation into the first to eliminate ¢;:
Rp, = Z Nhe B [per1 + diya] — PR Znht Ent[qis1 + cii1]
h e 7,

o [offe] oFe:
+ Lo Z Nt Ent[@e1 + ci1] — poeG Z Npt Ene[peer + dev1] + Rptp— .
oG 3 OR 3 OR

The terms in ), ny Enelqiy1 + ci41] cancel. Collecting the remaining terms:
Rp, (1—p%) = Znht Epe[per1 + diga] (1= p°).
h
Since p?ogor < 1, we can divide both sides to obtain
1
Dt = R ; Nt Ene[peg1 + diga].

An identical argument applied to ¢; yields the second equation in (3). The
fundamental correlation p is therefore irrelevant for pricing under zero net supply:
any observed comovement must originate from the expectation structure.

C Excess return decomposition

Define x; = (&, (), x¢ = (p},q;) and y; = (dy, ¢;)’. The total return on the two
assets in terms of price levels is x; + x; + y;. The vector of excess returns can be
decomposed as

e +x; +y— R(xiq + ;) =
T, — Rxi +£c§‘ +y,— B[z +y|+ B ]z +y| — Rx) 4,

S

N~ ~~
Et;t =0

where the last term vanishes by the definition of fundamental prices. In the
deterministic skeleton 9, = 0, the excess return reduces to x; — Rx;_1, which is the
expression entering the profit measure (6).

D Proof of Proposition 3.1

Proof of Proposition 3.1. Write v = n'/R > 0 for brevity. Under ®2 = 0
and (14), A= v ®' s0 Ty = vT and D, = v?D. The FSS is locally asymptotically
stable iff both eigenvalues of A lie strictly inside the unit disc, equivalently the
Jury conditions hold:

34



(i) 1+vT +v*D >0, (i) 1 —vT + 2D > 0, (iii) 1 — 2D > 0.
Since T, D,v > 0, (i) is automatic. Condition (iii) is equivalent to
V< 7. (24)
For (ii), consider f(v) =1 — vT + 2D as a quadratic in v with discriminant
T? —4D.
Case 1: T? < 4D. Then f has no real roots and f(0) =1 > 0, so f > 0 for all
v; (ii) is automatic. Only 24 binds.
Case 2: T? > 4D. The roots vy = (T £ +/T? —4D)/(2D) are both positive

(since "> 0) and f > 0 for v < v_ and for vy < v. The branch containing v = 0
is (0,v_), so (ii) is equivalent to

2D

We now show that in this case the bound (25) is tighter than (24), i.e. v_ <
1/+/D. Multiplying both sides by 2D > 0 and rearranging,

vo<J5 = T —2vVD < VT2 — 4D.

By the case hypothesis 7% > 4D and T > 0, both sides are non-negative (7' >
2\/5), so squaring preserves the inequality:

T? —ATVD+4D < T? —4D < 8D < 4TVD <= T > 2VD < T? > 4D,

which holds by hypothesis. Hence (25) binds.

Both cases are summarized by

: 1 T—/T2-4D
v << mln{\/—57 T}

Multiplying through by R yields the threshold n. in (15).
For (16): nf®% = (1 4 e #2Y)~1 is strictly increasing in 8 for AC > 0, with
inverse 3 = (AC) ! In(nf"S%/(1 — nf'9%)). Setting nf™S = n, gives S.. O

E Gershgorin bound on stability
The Gershgorin circle theorem provides an alternative sufficient condition for the

stability of the F'SS that is simpler to state, though more conservative than the
exact Schur-Cohn conditions of Proposition 3.1.
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Every eigenvalue of Jpgg lies in at least one of the six discs D(ay;, R;), where
a;; is the i-th diagonal entry and R; = ) i la;j| is the absolute row sum of the
off-diagonal entries of the i-th row. For the Jacobian 12 the six discs are:

Dl = D(alla |G,12D, D4 = D(CZQQ, |a21]), Dkz = D(O, 1) fOI' k c {2, 3, 5, 6}

The four discs D, centered at the origin with radius 1 contain the four zero
eigenvalues. A sufficient condition for the two remaining eigenvalues to lie isnide
the unit circle is that D; and D, are contained in the open unit disc, which requires

|a11| + |CL12’ <1 and |a22| + |CL21’ < 1.
Under (14) with ®? = 0, these become

R R
FSS FSS
ny°” < and ny°” < : (26)
! |611] + [B1o] ! |930] + [B31]

or equivalently, in terms of 3,

< (iw) e e e
—1In — ], 7 = min : .
AC I—n |611] + [912] " |P20] + |2 |

The Gershgorin bound 7 is always at least as restrictive as the exact threshold
n* from Proposition 3.1: n < n*. For diagonal ®' (no cross-asset feedback), the
two bounds coincide. When off-diagonal elements are present and asymmetric
(1| # |#3;]), the Gershgorin bound is striclty conservative. For instance, with
&' = ([293), the Gershgorin bound gives n & 0.786 (8% =~ 1.3), while the exact
Schur-Cohn threshold is n* ~ 0.82 (8. ~ 1.52).

F Counterfactual switching experiment

To isolate the role of the shared logit in generating comovement between & and
(;, we compare the baseline model, in which agents adopt a single strategy for
both assets, with a counterfactual in which each asset has an independent switch-
ing mechanism. In the counterfactual, agents evaluate the profitability of their
strategy separately for each market and may adopt different rules in different mar-
kets: an agent can be a trend follower in asset 1 and a fundamentalist in asset 2.
All other parameters are identical to the diagonal baseline specification (17) at
£ = 3.6, above (ns.

On the deterministic attractor, shared switching gives a sample correlation
between the two deviations of p = 1.00; under independent switching it falls
to p = 0.27. The synchronisation of the deterministic orbit therefore originates
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entirely from the shared logit: when agents revise their strategy they do so for
both assets at once, imposing a common regime on both pricing equations even
when ®! is diagonal. This is a property of the deterministic skeleton alone. Once
fundamental noise is added, the diagonal specification behaves differently: with ®*
diagonal there is no cross-asset restoring force, the differential component carries
a unit eigenvalue (Appendix H), and the realized correlation turns negative. The
shared logit synchronizes the common deterministic orbit but does not couple the
two assets’ responses to noise.

G Secondary bifurcation analysis

For each 8 > (. we locate the non-fundamental fixed point z** = (£, (**)" by
solving the two-dimensional fixed-point condition numerically and compute the
6 x 6 Jacobian DF(s**) by centred finite differences. The eigenvalue structure
at the non-fundamental fixed point has the same qualitative form in all three
specifications: two eigenvalues are near zero (from the lag structure), one small
negative eigenvalue is close to zero throughout, one eigenvalue is constant across
B, and the remaining two eigenvalues evolve with § and are responsible for the
Neimark-Sacker bifurcation. The constant eigenvalue and the evolving pair differ
across specifications.

For the diagonal specification (17), the constant eigenvalue equals 1.000 at ev-
ery 3 above .. This reflects the fact that when both diagonal entries of ®' are
equal, the fixed-point condition places no restriction on the ratio £**/{**: any direc-
tion is a valid fixed point. A perturbation that changes this ratio therefore moves
the system to a neighbouring fixed point and neither grows nor decays. Eigen-
value moduli are invariant across this set; we use the symmetric representative
& = (** (obtained by initializing the solver at a symmetric guess), at which the
unit-eigenvalue eigenvector lies along the differential direction (1, —1)". The two
evolving eigenvalues are real just above . (moduli 0.981 and 0.159 at 8 = 2.50),
converge as (3 increases, coalesce into a complex conjugate pair at § ~ 2.88, and
cross the unit circle at Ong =~ 3.33.

For the symmetric specification (18), the constant eigenvalue equals 0.846. This
is the eigenvalue associated with the differential direction (1, —1)": perturbations
that push the two deviations apart contract at rate 0.846 per period. The two
evolving eigenvalues follow the same pattern, real, converging, coalescing at [ ~
1.96, and crossing the unit circle at Oyg &~ 2.21. No eigenvalue equals unity at
any f: the non-fundamental fixed point is isolated (unlike in the diagonal case),
so there is no neutral direction.

For the asymmetric specification (19), the constant eigenvalue equals 0.789,
again in the direction that separates the two assets. The complex pair crosses the
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unit circle at Oyg ~ 1.95.

The constant eigenvalue has a transparent origin. At the non-fundamental
fixed point, the fixed-point condition requires z** to be an eigenvector of ®! with
eigenvalue R/n{*, where ni* is the trend-follower share at the fixed point. The
direction orthogonal to z** corresponds to the other eigenvalue of ®!, call it \,.
The constant eigenvalue of the 6 x 6 Jacobian in this direction equals Ao /(R/n}*) =
A2/A1, the ratio of the two eigenvalues of ®!. For the symmetric specification this
gives 1.1/1.3 = 0.846; for the asymmetric, 1.059/1.341 = 0.789; for the diagonal,
1.2/1.2 = 1.000.

Figures 5, 9, and 12 display the non-trivial eigenvalue moduli for the three

specifications.

H Dynamics at the non-fundamental fixed point

The post bifurcation behaviour of the realized correlation can be understood
through a change of coordinates that separates the joint dynamics of (&, (;) into
a common and a differential component. Define

&G+ G d_Ct—ft
- 9 t — )
2 2
so that & = ¢, — dy and (; = ¢; + d;. The component ¢; captures movements in
which the two assets move together; d; captures movements in which they move
apart. In terms of these components the covariance decomposes as

Cov (&, ¢;) = Var(c;) — Var(d,). (27)

The realized correlation is positive when the common variation dominates and
negative when the differential variation dominates.

Such decomposition corresponds to rewriting the 6 x 6 Jacobian at the non-
fundamental fixed point in the bases of the common direction (1,1)" and the dif-
ferential direction (1,—1)". Let s = (&,&-1,&—2,(, (-1, G—2)" denote the state
vector and J = DF(s™) the Jacobian at the non-fundamental fixed point. Ap-
plying the change of coordinates to all three lag levels defines a transformation
matrix 7" such that the new state § = (¢, ¢i—1,¢2,ds, dyi—1,d;—2)" evolves under
J = T~1JT. For both the diagonal and the symmetric specifications (using the
symmetric representative £ = ¢** in the diagonal case), the transformed Jacobian

J is exactly block-diagonal:
G J. 0
- \0 Jg)°

where J. is the 3 x 3 block governing the common component and .J; is the 3 x 3
block governing the differential component. The two components therefore evolve
independently near the fixed point: shocks to ¢; do not affect d; and viceversa.

Cy
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For specification (17) at 8 = 3.0, the eigenvalues of the two blocks are
A(J.) = {0.819,0.819,0.075}, A(Jg) = {1.000,0,0}.

The common block is stable: its dominant eigenvalues (the complex pair of
modulus 0.819) ensure that common perturbations decay. The differential block
contains a unit eigenvalue, so differential perturbations neither grow nor decay.
Each noise shock adds a component in the differential direction that persists in-
definitely, while the common component of the same shock is damped away. Over
many periods the accumulated differential variation exceeds the common variation,
Var(d;) > Var(c;), and by (27) the covariance turns negative.

For specification (18) at 8 = 2.0, the eigenvalues are

A(J.) = {0.783,0.783,0.074},  A(Jy) = {0.846,0,0}.

Both blocks are stable throughout this region, so both variances are finite; the
covariance sign is set by which direction accumulates more noise variance, which
in turn depends on how close each modulus is to one. The differential modulus is
fixed at 0.846. Above [, the common modulus first declines, dips below 0.846, and
then rises again toward the Neimark—Sacker crossing. While it sits below 0.846
the differential direction is the more persistent one, Var(d;) gains on Var(c¢;), and
the realized correlation falls to its minimum; once the common modulus returns
back above 0.846, Var(c;) dominates again and the correlation recovers. The dip is
therefore the interval over which the common amplification is temporarily weaker
than the fixed differential mode.

The difference between the two specifications reduces to a single structural
property. In the diagonal case, each asset’s forecast depends only on its own
lagged deviation, so nothing restores the ratio & /(; once noise has perturbed it:
the differential block carries a unit eigenvalue, Var(d;) grows without bound, and
the correlation turns negative. In the symmetric case, the off-diagonal elements
of ®! couple the two forecasts and pin the differential modulus at 0.846, strictly
below one; Var(d;) stays finite, so even at the dip the correlation only weakens and
never changes sign. This is why cross-asset expectations are necessary not only
for amplifying the correlation but for keeping it positive.

I Robustness to the noise scale
To verify that the amplification result is not an artefact of small noise, we repeat

the analysis for specification (18) across six noise scales spanning two orders of
magnitude: o € {0.001,0.005,0.01,0.02,0.05,0.1}, with ¢ = 0.1 throughout.
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g 0.001 0.006 0.01 0.02 005 0.1

0.5 0.237 0.241 0.241 0.236 0.240 0.237
1.0 0.379 0.381 0.375 0.380 0.377 0.376
1.5 0.696 0.689 0.698 0.695 0.685 0.638
1.7 0.955 0.930 0.927 0.909 0.853 0.764
2.0 0.652 0.652 0.652 0.661 0.785 0.880
2.4 1.000 1.000 0.998 0.995 0.985 0.998

Table 5: Mean realized correlation for specification (18) across noise scales o,
with o = 0.1. Each entry is the mean over M = 150 replications. Standard errors
are below 0.006 throughout.

For 5 < 1.0 the realized correlation is invariant to the noise scale: across the
full o range the mean p varies by less than 0.007. The amplification at low S
is therefore a property of the linearized dynamics around the FSS, not a conse-
quence of negligible noise. At § & [, the correlation decreases with o, from 0.955
at 0 = 0.001 to 0.764 at ¢ = 0.1, but the excess p — o = 0.66 at ¢ = 0.1 remains
large. The non-monotonic dip at g = 2.0 is smoothed by large noise: correlation
rises from 0.65 at ¢ = 0.001 to 0.88 at 0 = 0.1, consistent with the interpreta-
tion in Section 5.1 that larger noise hides the fine structure near the eigenvalue
coalescence.

J Robustness to the exogenous correlation

We repeat the correlation-amplification analysis for specification (18) with o €
{0,0.1,0.3,0.5}. Table 6 reports the mean realized correlation at S. for each value.

o patf. excessp—o

0.0 0.900 0.900
0.1 0.927 0.827
0.3  0.945 0.645
0.5 0.963 0.463

Table 6: Mean realized correlation at 8 = . for specification (18) under different
exogenous correlation levels. Each entry is the mean over M = 100 replications
(se < 0.006).

The amplification does not require exogenous correlation: at o = 0, the mean
realized correlation is 0.90, generated entirely by the cross-asset expectation struc-

ture. As g increases, p at 3. increases slightly (from 0.900 to 0.963), but the excess
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p— o decreases (from 0.900 to 0.463). The realized correlation is largely determined
by the expectation structure: increasing p from 0 to 0.5 raises p by only 0.063,
while the endogenous component contributes approximately 0.9 throughout. The
marginal excess shrinks because p is bounded above by one.

K High-§ synchronisation

At high S the realized correlation approaches unity for specification (18). To assess
whether this reflects near-identity of the two deviations or merely a signal-to-noise
ratio effect, we track two quantities across 3: the mean absolute gap |& — (;| and
the mean absolute level H, both averaged over M = 200 replications.

For specification (18), the mean absolute gap is approximately constant at 0.020
above .. What changes is the scale: || grows from 0.011 at 8 = 0.5 to 0.911
at Oxs. The ratio G(B) = & — ¢/ (|&] + &) therefore falls from 0.62 to 0.011,
not because the gap shrinks, but because the common deterministic component
grows. The two assets remain distinct processes (their gap is bounded away from
zero at every f3), but the shared deterministic component becomes so large rela-
tive to the noise-driven differences that the Pearson correlation approaches unity

mechanically.

5205 /BZ/BC B:BNS 5:5max
(17)  0.671 0.636 0.279 0.685
(18)  0.618 0.086 0.011 0.034
(19) 0593 0182 0172 0.146

Table 7: Normalized gap G(8) = [& — |/ (J&] + |¢]), averaged over M = 200
replications. Values near zero indicate that the common signal dominates the
gap; values near 0.5 — (0.7 indicate that the two assets follow distinct trajectories.

For specification (17), G remains above 0.27 at all [, confirming that the
two assets follow distinct trajectories throughout. For specification (19), G sta-
bilises around 0.15 — 0.18 above ., reflecting the persistent amplitude asymmetry

(J&]/1C| = 1.4) induced by ¢l, # ¢,.
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