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Abstract

This paper studies how the temporal structure of adjustment shapes evolutionary

dynamics in symmetric games. We introduce a fractional replicator dynamic that mod-

ifies the classical replicator only through the time operator, replacing the ordinary

derivative with a fractional derivative of order α ∈ (0, 1]. This formulation preserves

payoff monotonicity, feasibility, and the equilibrium set, while allowing past payoff dif-

ferences to affect current behavior through long memory with power-law decay. We

show that fractional time fundamentally alters local stability and equilibrium selection.

While evolutionarily stable strategies remain locally asymptotically stable, equilibria

that are unstable under the classical replicator can become locally stable when mem-

ory is sufficiently persistent, generating stability switching and purely temporal bifur-

cations without any change in payoffs or strategic interaction. Moreover, convergence

toward stable equilibria becomes polynomial rather than exponential, implying slow

adjustment even in simple games. As a consequence, equilibrium selection may fail

to be completed over economically relevant horizons despite being guaranteed asymp-

totically. Finally, we provide a microfoundation based on standard payoff-monotone

revision processes with heterogeneous and asynchronous revision opportunities. Frac-

tional dynamics thus offer a parsimonious way to incorporate persistent memory into

evolutionary models while preserving their core economic structure.
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1 Introduction

Evolutionary game theory provides a canonical framework for analyzing how strategic

behavior evolves in large populations. A central object of this framework is the replicator

dynamics, a payoff-monotone selection rule under which strategies that perform above

the population average expand, while underperforming strategies contract. Because it

offers a robust link between individual incentives and aggregate outcomes, the replicator

dynamics has become a benchmark model in economics, biology, and related fields (Taylor

and Jonker, 1978; Weibull, 1997). A key implication of this approach is that evolutionary

selection is entirely incentive-driven. Long-run outcomes are determined by the strategic

structure of the game: dominated strategies are eliminated, evolutionarily stable strategies

are locally attracting, and coordination games converge to stable conventions (Weibull,

1997; Hofbauer and Sigmund, 1998). The temporal structure of adjustment plays no role

in determining local stability. Time may affect the speed of convergence, but not which

states are selected. In this sense, standard evolutionary models treat time as neutral.

However, this neutrality is strong and empirically nontrivial. It follows directly from

the memoryless formulation of the replicator as a first-order differential equation. Strategy

shares respond only to contemporaneous payoff differences, and past interactions exert no

direct influence on current adjustment. As a result, local stability is fully characterized

by the spectrum of the Jacobian of the replicator vector field at a stationary state, and

deviations decay at exponential rates.

A growing body of experimental and empirical evidence challenges this view. In many

environments, adjustment is slow and highly persistent even when incentives are transpar-

ent and feedback is immediate. Dominated strategies often survive for extended periods

(Erev and Roth, 1998), behavior exhibits strong serial dependence (Cheung and Friedman,

1997; Camerer and Hua Ho, 1999), and populations may remain close to unstable thresh-

olds over experimentally relevant horizons (Young, 1993; Fréchette, 2012). In continuous-

time Prisoner’s Dilemma experiments, Friedman and Oprea (2012) show that cooperation

declines gradually rather than exponentially, despite instantaneous feedback and fixed in-

centives. These evidences suggest that the way past payoff information is aggregated over

time may shape evolutionary dynamics in ways not captured by memoryless adjustment.

This paper shows that time is not neutral in evolutionary dynamics. Long memory

can alter local stability and slow adjustment from exponential to polynomial rates, so that

equilibria may become stable while equilibrium selection remains incomplete over finite

horizons, even in deterministic, payoff-monotone environments.

1



Our framework. To study how temporal aggregation affects evolutionary adjustment,

we introduce a minimal modification of the classical replicator dynamics. We consider a

unit-mass population repeatedly matched to play a symmetric normal-form game, where

strategy shares evolve in a payoff-monotone manner: strategies earning above-average

payoffs expand, while underperforming strategies contract. We preserve this framework

unchanged and modify only the temporal operator governing adjustment. Specifically, we

replace the ordinary time derivative in the replicator equation with a fractional (Caputo)

derivative of order α ∈ (0, 1].
The resulting fractional replicator dynamics (FRD) introduce long memory into the ad-

justment process: current changes in strategy shares depend on a weighted history of past

payoff differences. The parameter α governs the persistence of memory. When α = 1, the

model reduces to the classical replicator with memoryless, exponential adjustment. When

α < 1, past experiences continue to influence behavior over long horizons, with effects that

decay gradually according to a power law. Economically, lower values of α correspond to

slower adjustment of aggregate behavior, which may reflect persistence in beliefs, habits,

or institutional practices. Importantly, this inertia does not reflect bounded rationality or

non-standard preferences. At every instant, agents remain fully payoff-responsive; only

the temporal aggregation of payoff information is altered.

Fractional dynamics provide a parsimonious representation of persistent adjustment.

Unlike models with finite delays or higher-order dynamics, fractional derivatives capture

memory with infinite temporal support and power-law decay. While standard in the anal-

ysis of systems with long memory and anomalous relaxation (Diethelm, 2010), this ap-

proach has not previously been integrated into evolutionary game theory in a way that

preserves payoff monotonicity and equilibrium structure.

Our results. Our findings show that introducing long memory fundamentally reshapes

evolutionary dynamics in ways that go beyond a mere slowdown of adjustment.

Our first result shows that introducing long memory preserves the core structure of

evolutionary game dynamics. For all α ∈ (0, 1], population shares remain in the simplex

and the set of stationary states coincides with that of the classical replicator. In particular,

Nash equilibria remain rest points for all values of α, and no new steady states are created

by memory. Thus, fractional adjustment leaves incentives and feasibility unchanged, al-

lowing us to isolate the role of temporal aggregation. Any change in behavior arises solely

from how past payoff information is accumulated over time, not from modifications of the
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strategic environment. In this sense, the fractional replicator captures a pure timing effect.

Our second result concerns local stability. Under the FRD, stability depends jointly on

payoff incentives and on the memory parameter α. While every evolutionarily stable strat-

egy (ESS) remains locally asymptotically stable for all α, equilibria that are unstable un-

der the classical replicator may become locally stable when memory is sufficiently persis-

tent. This gives rise to a stability-switching phenomenon: varying α can induce qualitative

changes in stability without any change in payoffs or strategic interaction.

The intuition is that long memory modifies how populations respond to local payoff

gradients. With memoryless adjustment (α = 1), dynamics react only to contemporaneous

incentives, so destabilizing local forces—such as rotational or expansive components—act

without attenuation. Under fractional adjustment (0 < α < 1), current motion reflects

an aggregation of past payoff differences, which introduces inertia into the adjustment

process, smoothing short-run responses and weakening destabilizing forces. As a result,

deviations that would grow or cycle under classical dynamics may be damped when mem-

ory is sufficiently persistent.

This mechanism is transparent in cyclic environments such as Rock–Paper–Scissors

games. In the exact zero-sum case, the interior Nash equilibrium is neutrally stable under

the classical replicator, generating closed orbits. Any amount of fractional memory (α < 1)

breaks this knife-edge behavior by damping oscillations and inducing convergence. A simi-

lar logic applies in near zero-sum games. Small symmetric perturbations make the interior

equilibrium unstable under the classical replicator, producing outward spirals. Under frac-

tional adjustment, memory attenuates these destabilizing forces. When α falls below an

endogenous threshold, temporal aggregation dominates and the interior equilibrium be-

comes locally asymptotically stable despite being unstable under memoryless dynamics.

Our third result characterizes adjustment paths and convergence rates under the FRD.

While the classical replicator implies exponential convergence toward locally stable equi-

libria, we show that under FRD convergence follows a Mittag–Leffler law and is generically

polynomial. In particular, deviations from a locally stable equilibrium decay at rate t−α, so

convergence becomes arbitrarily slow as memory becomes more persistent.

These differences are quantitatively meaningful. In dominance games such as the Pris-

oner’s Dilemma, the classical replicator predicts rapid extinction of the dominated strategy:

in our simulations, cooperation falls below 5% within roughly five time units when α = 1.

Under fractional adjustment, convergence slows sharply. For α = 0.6, the same threshold

is reached only after several tens of periods; for α = 0.4, cooperation remains above 10%
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beyond t = 50; and for α = 0.2, it still exceeds 10% at horizons around t = 100, despite

cooperation being locally unstable.

The consequences are more pronounced in coordination games. Although the set of

equilibria and their basins of attraction are unchanged, polynomial convergence implies

that selection may fail to be completed within any finite, economically relevant horizon.

Large sets of initial conditions remain in the interior of the state space for extended periods,

lingering near unstable thresholds rather than converging to a convention. For a fixed

horizon T, our simulations of the 2 × 2 coordination game show that more than 90% of

trajectories reach an equilibrium neighborhood by time T when α ≥ 0.8, whereas only

about half do so when α ≈ 0.6. When α ≤ 0.4, a large majority—often exceeding 70%—

fail to select any equilibrium within the same horizon.

These results show that slow adjustment and persistent non-equilibrium behavior need

not reflect noise, bounded rationality, or strategic indeterminacy. They can arise endoge-

nously from the intrinsic dynamics of adaptation when past experience remains salient.

Crucially, this does not require modifying payoff incentives or the revision protocol it-

self, since the replicator structure is preserved, and only the temporal operator governing

adjustment is altered. Long-run equilibria therefore remain unchanged, yet equilibrium

selection becomes a fundamentally finite-time phenomenon shaped by the temporal struc-

ture of adjustment. This perspective bridges the gap between sharp equilibrium predic-

tions and the slow, history-dependent patterns commonly observed in data, and motivates

a re-examination of evolutionary selection beyond purely asymptotic analysis.

Related literature. The present paper is related to a few strands of the literature.

First, our analysis relates to the literature on evolutionary game dynamics, which stud-

ies how strategic behavior evolves under payoff-driven selection. Within this literature,

a variety of deterministic adjustment rules have been proposed, including the replicator

dynamics (Taylor and Jonker, 1978), best-response dynamics (Gilboa and Matsui, 1991),

Brown–von Neumann–Nash dynamics (Brown and Von Neumann, 1950), and Smith dy-

namics (Smith, 1984).1 These models differ in their underlying revision protocols but

share a common feature: local stability is determined by payoff incentives through the

Jacobian of the underlying vector field at a stationary state. Time affects only the speed of

convergence and is therefore neutral with respect to equilibrium selection. Our paper de-

1Among these models, the replicator has become the canonical benchmark due to its well-known micro-
foundation and analytical tractability, and its properties are well established (see Cressman and Tao, 2014):
dominated strategies vanish, and evolutionarily stable strategies are locally asymptotically stable.
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parts from this neutrality. While preserving the replicator’s payoff-monotonicity, feasibility,

and equilibrium structure, we show that the temporal structure of adjustment itself can

affect local stability. Introducing memory through fractional adjustment can stabilize equi-

libria that are unstable under the classical replicator and render finite-time equilibrium

selection non-degenerate, even in deterministic environments.2

Second, a large literature departs from the predictions of the replicator dynamics by

introducing stochastic perturbations, mutations, or learning frictions. In stochastic evolu-

tionary models, long-run outcomes are selected through rare shocks or mutations (Foster

and Young, 1990; Kandori et al., 1993; Cabrales, 2000; Choudhury and Aydinyan, 2023),

and persistence away from equilibrium is driven by exogenous noise. A related strand

introduces inertia through learning rules. Reinforcement learning and belief-based learn-

ing models allow past experience to influence current behavior (Cheung and Friedman,

1997; Erev and Roth, 1998; Camerer and Hua Ho, 1999). While empirically successful,

these approaches typically modify the decision rule itself and rely on additional behavioral

parameters governing learning speed or forgetting. Finally, models with explicit delays, in-

ertial terms, or higher-order dynamics show that temporal structure can affect stability and

generate oscillations or slow convergence (see, e.g., Cressman, 2003; Gopalsamy, 2013;

Obando et al., 2016; Mertikopoulos and Sandholm, 2016; Mertikopoulos et al., 2018).

These models, however, rely on finite delays or augmented state variables and retain ex-

ponential discounting of the past.3

Our approach differs from all three strands. We introduce neither noise nor muta-

tions, and we do not modify payoff incentives or choice rules. Adjustment remains fully

payoff-monotone at every instant. Persistence arises instead from the way past payoff in-

formation is aggregated over time. Fractional dynamics capture long memory with infinite

support, generating power-law decay rather than exponential forgetting. This allows slow

adjustment and stability switching to emerge endogenously in a fully deterministic setting.

2This mechanism is complementary to recent work emphasizing the sensitivity of evolutionary predic-
tions to the choice of adjustment dynamics. In particular, Hofbauer and Sandholm (2011) show that many
standard results of evolutionary game theory are not robust across reasonable classes of deterministic dy-
namics. While their analysis focuses on how qualitative outcomes depend on the revision protocol, our
paper highlights a distinct channel: holding the payoff-induced vector field fixed, changing the temporal law
of adjustment through memory can fundamentally alter local stability.

3A related literature studies rational learning in games and establishes conditions under which behavior
converges to Nash equilibrium. Bayesian and belief-based learning models show that, under appropriate
informational assumptions, rational agents eventually learn to play Nash equilibria (Kalai and Lehrer, 1993;
Hart and Mas-Colell, 2000). These results provide strong foundations for equilibrium selection in the long
run. However, they are largely silent about the dynamics of adjustment over finite horizons, in particular
about convergence speeds and the persistence of out-of-equilibrium behavior.

5



Finally, fractional differential equations provide a well-established mathematical frame-

work for modeling systems with long memory (Diethelm and Ford, 2002; Deng et al.,

2007). They are widely used in physics and engineering to capture persistent dynamics

such as anomalous diffusion and viscoelastic behavior (Rivero et al., 2013), but have re-

ceived little attention in economic dynamics. To the best of our knowledge, this paper

provides the first integration of fractional time into continuous-time evolutionary game

theory in a way that preserves payoff-based selection and standard equilibrium structure.

Outline. Section 2 presents the standard evolutionary framework and reviews the basic

results of the classical replicator dynamics. Section 3 introduces the fractional replicator

dynamics (FRD) and establishes its fundamental properties. Section 4 contains the main

theoretical findings, organized around three theorems: a local stability criterion (Theo-

rem 1), a memory-induced stability switching result (Theorem 2), and a characterization

of Mittag–Leffler (polynomial) convergence (Theorem 3). Sections 5 and 6 provide numer-

ical illustrations, focusing respectively on slow convergence and finite-time equilibrium se-

lection, and on stability switching in 3× 3 environments. Section 7 concludes. Appendix A

collects the proofs of all propositions and theorems. The Online Appendix develops a mi-

crofoundation of the FRD. We show that the fractional replicator arises as the scaling limit

of a standard payoff-monotone revision process when agents revise strategies at hetero-

geneous and asynchronous times with heavy-tailed waiting times. In this interpretation,

the fractional order captures heterogeneity in revision frequencies rather than departures

from rational or payoff-driven behavior.

2 The Evolutionary Framework

We consider a unit-mass population of agents who are randomly matched in pairs to play

a symmetric normal-form game with a finite set of pure strategies S = {s1, . . . , sn}, n ≥ 2.

Time is continuous. Let pi(t) denote the proportion of the population playing strategy si

at time t. The population state is represented by the vector p(t) = (p1(t), . . . , pn(t)) ∈ ∆n,

where ∆n :=
{

p ∈ Rn
+ : ∑n

i=1 pi = 1
}

is the n-dimensional unit simplex.

Interactions are anonymous and symmetric. The game is represented by a real payoff

matrix A = (aij)
n
i,j=1 ∈ Rn×n, where aij is the payoff received by a player using strat-

egy si against an opponent using sj. We assume throughout that payoffs are bounded,

maxi,j |aij| < ∞. Given a population state p ∈ ∆n, the expected payoff to strategy
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si is πi(p) = (Ap)i = ∑n
j=1 aij pj. For any two mixed strategies p, q ∈ ∆n, we write

π(p, q) = p⊤Aq for the expected payoff to a player using mix p against an opponent play-

ing q. The average payoff in the population is π̄(p) = π(p, p) = p⊤Ap = ∑n
i=1 pi πi(p).

Classical Replicator Dynamics The standard evolutionary model assumes that strategies

earning above-average payoffs increase their population share over time. This leads to the

well-known replicator dynamics:4

ṗi(t) = fi(p(t)) := pi(t)
[
πi(p(t))− π̄(p(t))

]
, pi(0) ∈ [0, 1], i = 1, . . . , n. (1)

The term pi(t) reflects the fact that only strategies with positive mass can change.

The bracketed term measures the excess payoff of strategy si relative to the population

average. If strategy si yields above-average payoff, its share grows (ṗi > 0); if it performs

below average, its share shrinks (ṗi < 0). Only payoff differences matter, and growth is

payoff-monotonic.

We collect here a set of standard properties that will be used throughout the paper.

Proposition 1.

(i) If p(0) ∈ ∆n, then p(t) ∈ ∆n for all t ≥ 0.
(ii) Every Nash equilibrium is a fixed point of the replicator dynamics (1).

At a Nash equilibrium, every strategy in use earns exactly the average payoff, so the

vector field vanishes. Strategies with zero mass cannot suddenly appear, because the mul-

tiplicative factor pi forces their growth rate to zero even if they would earn higher payoffs.

This explains both the invariance of faces of the simplex and why every Nash equilibrium is

a rest point of the dynamic. However, a Nash equilibrium need not be dynamically stable.

A stronger notion is that of evolutionary stability, which captures robustness to invasion by

rare mutants (Smith and Price, 1973).

Definition 1. A state p⋆ ∈ ∆n is an evolutionarily stable strategy (ESS) if:
(i) p⋆ is a Nash equilibrium;
(ii) ∀q ̸= p⋆, π(q, p⋆) = π(p⋆, p⋆) ⇒ π(p⋆, q) > π(q, q).

4The replicator dynamic admits several well-established microfoundations, including imitation of more
successful strategies, fitness-proportional reproduction, and revision protocols with payoff-monotonic choice
(Börgers and Sarin, 1997; Taylor and Jonker, 1978; Hofbauer and Sigmund, 1998; Benäım and Weibull,
2003; Sandholm, 2010).
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Evolutionary stability is thus a refinement of Nash equilibrium based on invasion fit-

ness. Condition (ii) requires that if a mutant population q earns the same payoff against

p⋆ as residents do against themselves, then residents must earn strictly more against mu-

tants than mutants earn against themselves. Under payoff-monotonic dynamics such as

the replicator equation, this notion of stability has a well-known dynamic implication. In

particular, every strict ESS is locally asymptotically stable under the classical replicator

dynamics (see Weibull, 1997, Proposition. 3.10).

Proposition 2. Every strict ESS is a locally asymptotically stable fixed point of (1).

Intuitively, if no nearby mutant type can profitably invade, then any small deviation

decreases in frequency and the population trajectory returns to p⋆. In symmetric 2 × 2
games, there is only one invasion direction, so evolutionary stability and local asymptotic

stability coincide. In higher dimensions, local stability does not necessarily imply ESS,

because invasion may occur along directions that are neutral at first order but profitable

at higher order.

Near a stable fixed point, deviations decay exponentially over time:

Proposition 3 (Exponential convergence). Let p⋆ be a locally asymptotically stable fixed
point. Assume that p⋆ is hyperbolic on the tangent space T∆n = {x ∈ Rn : 1⊤x = 0}. Then
there exist constants C, c > 0 and a neighborhood N (p⋆) such that, for all p0 ∈ N (p⋆),
∥p(t)− p⋆∥ ≤ Ce−ct, t ≥ 0. Moreover, a linearization yields

p(t)− p⋆ = eJTt(p0 − p⋆) + o
(
e−ct) ,

where JT = D f (p⋆) is the Jacobian of the replicator vector field restricted to T∆n.

Under the classical replicator dynamics, once a trajectory enters a neighborhood of a

locally stable equilibrium, convergence is exponential. This exponential clock implies rapid

adjustment and memoryless behavior: at each instant, dynamics respond only to current

payoff differences, while the influence of past interactions vanishes at an exponential rate.

From a methodological standpoint, this feature delivers sharp analytical results and

clean equilibrium selection but sits uneasily with a broad range of empirical regularities.

Experimental and field evidence often document adjustment paths characterized by pro-

longed plateaus, slow elimination of dominated strategies, strong path dependence, or

heavy-tailed transients, as discussed in the Introduction.
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The central claim of this paper is that these discrepancies do not originate in the se-

lection mechanism itself. The standard payoff-based term fi(p) = pi(πi(p)− π̄(p)) pro-

vides a well-founded description of incentive-driven selection. Rather, the tension with

evidence arises from the implicit assumption governing the timing of adjustment. In the

classical replicator, this timing is memoryless: past payoff differences are discounted in-

stantaneously, and behavior responds exclusively to contemporaneous incentives.

The next section relaxes this assumption while leaving the selection mechanism un-

changed. We modify the adjustment clock by introducing a fractional time operator that

allows past payoff differences to influence current dynamics through persistent memory.

This generalization preserves the economic logic of payoff-based selection, while generat-

ing adjustment paths that are slower and history-dependent.

3 Fractional Replicator Dynamics (FRD)

A natural way to introduce long memory is to allow adjustment to depend on a history

buffer. When agents interact, past payoff differences and past strategy revisions continue

to affect current behavior. This section formalizes this idea by replacing the time derivative

(ṗi) with a fractional (Caputo) operator.

For an absolutely continuous function x : [0, ∞) → R and α ∈ (0, 1], the Caputo

derivative is defined by

CDα
t x(t) =

1
Γ(1 − α)

∫ t

0

ẋ(τ)
(t − τ)α

dτ, (2)

where Γ(·) denotes the Euler gamma function.

When α = 1, this reduces to the standard derivative, CD1
t x(t) = ẋ(t). When α < 1, past

changes ẋ(τ) enter current adjustment with a slowly decaying kernel (t− τ)−α, generating

power-law memory. We define the fractional replicator dynamics by replacing ṗ(t) in the

classical replicator (1) with the Caputo derivative (2).

Definition 2 (Fractional replicator dynamics). For α ∈ (0, 1], the fractional replicator dy-
namics (FRD) are given by

CDα
t pi(t) = fi(p(t)) := pi(t)

[
πi(p(t))− π̄(p(t))

]
, pi(0) ∈ [0, 1], i = 1, . . . , n. (3)

The fractional order α provides a structural way to model how past experiences affect
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current behavior. When α = 1, (3) coincides with the classical (memoryless) replicator

(1). When α < 1, the rate of change at time t depends on the entire past history {p(τ) :
0 ≤ τ ≤ t}, not only on the current payoff difference.

An equivalent and often useful formulation is the Volterra representation;

Proposition 4 (Volterra representation). Let 0 < α < 1 and T > 0. A trajectory p(·) ∈
C([0, T]; ∆n) solves the Caputo system (3) on [0, T] if and only if it solves

pi(t) = pi(0) +
1

Γ(α)

∫ t

0
(t − τ)α−1 pi(τ)

[
πi(p(τ))− π̄(p(τ))

]
dτ. (4)

This representation makes the non-Markovian nature of the FRD explicit: the current

state reflects a weighted history of past payoff differences, with a power-law kernel.5

Basic properties Despite being non-Markovian, the fractional replicator preserves the

core geometric and strategic structure of the classical model.

Proposition 5 (Feasibility). Let p(0) ∈ ∆n and 0 < α ≤ 1. Then the solution p(t) to the
FRD satisfies p(t) ∈ ∆n for all t ≥ 0.

The replicator drift is tangent to the simplex, and the Caputo operator does not create

or destroy mass. Strategies with zero mass cannot decrease further, and the population

shares always sum to one. Memory does not violate the geometry of the state space.

Proposition 6 (Fixed points). A state p⋆ ∈ ∆n is stationary under the FRD if and only if it is
stationary under the classical replicator. In particular, every Nash equilibrium is a fixed point
for all α ∈ (0, 1].

Introducing fractional memory does not modify the payoff structure nor the instanta-

neous vector field pi(πi(p)− π̄(p)). What changes is only the temporal operator applied

to this vector. Therefore, the fractionary differential equation still vanishes at the same

states p⋆ as in the standard case. Consequently, as any Nash equilibrium is a fixed point

for α = 1 (Proposition 1), it follows that it is when α ∈ (0, 1). Even when agents place

weight on the entire history of past payoffs (as encoded by the Caputo operator), strate-

gies that were mutually best responses in the classical sense still form rest points of the

evolutionary process.
5In fractional analysis, two standard formulations are commonly used: the Caputo derivative, as adopted

in (3), and the Riemann–Liouville derivative. Proposition 4 shows that, for the replicator vector field f (p)
and α ∈ (0, 1], these formulations are equivalent in the sense that they have the same Volterra representation.
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In our FRD, the fractional order α governs the persistence of memory in the adjustment

process. Slow, history-dependent adjustment is a common feature of adaptive systems.

In evolutionary biology, delayed or age-structured reproduction generates much slower

convergence than memoryless dynamics (Tuljapurkar, 2013; Metz and Diekmann, 2014).

In neuroscience, learning and forgetting are often characterized by persistent responses

rather than rapid decay (Henry et al., 2010). These findings point to a general link between

temporal heterogeneity and slow adjustment.

In economics, α admits a natural interpretation as a measure of belief inertia or cul-

tural persistence. Standard learning models typically assume exponential discounting of

past experience, yet experimental evidence documents slower updating and strong serial

dependence in behavior (Cheung and Friedman, 1997; Camerer and Hua Ho, 1999; Erev

and Roth, 1998). Related forms of persistence arise in models of habit formation, re-

inforcement learning, and experience-based updating (Fudenberg and Levine, 1998), as

well as in the literature on path dependence and institutional persistence (North, 1990;

Greif, 1994; Acemoglu and Robinson, 2005).

Within our framework, these mechanisms are captured parsimoniously by a single pa-

rameter. Lower values of α correspond to stronger historical dependence and slower ad-

justment, while α = 1 recovers memoryless dynamics. Importantly, varying α leaves equi-

librium payoffs and asymptotic basins unchanged and affects only the temporal speed of

adjustment. By separating strategic structure from the timing of adaptation, the fractional

replicator provides a simple way to reconcile the evolutionary game theory with the empir-

ical observation that social norms, beliefs, and institutions often evolve slowly and remain

shaped by history.6

4 Main Theorems

This section establishes the core analytical properties of the fractional replicator dynamic

(FRD). While the preceding section focused on feasibility and equilibrium invariance, we

now examine the two respects in which fractional time fundamentally modifies the behav-

ior of the classical replicator dynamic.

The first concerns local stability. In the classical case, local stability of a stationary

point is determined by the signs of the real parts of the eigenvalues of the Jacobian matrix

6The Online Appendix provides a microfoundation by linking α to aggregation over heterogeneous and
asynchronous revision times.
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of the replicator vector field, evaluated at that point. Under fractional adjustment, this

criterion no longer applies. Stability is instead governed by an angular condition on the

eigenvalues of the same linearized system, where the admissible region depends explicitly

on the memory parameter α. As α varies, eigenvalues may cross the stability boundary even

though the payoff structure and the underlying vector field remain unchanged. Fractional

time thus induces a bifurcation in stability driven purely by memory.

The second dimension concerns the speed of convergence. Even when local stability

is preserved, fractional adjustment replaces exponential convergence by a Mittag–Leffler

(power-law) decay. Consequently, asymptotic equilibrium selection becomes sharply de-

coupled from the rate at which behavior adjusts in finite time, with potentially long tran-

sients despite local stability.

Notation. Throughout, f (p) = ( f1(p), . . . , fn(p)) denotes the classical replicator vector

field and let J := D f (p⋆) be its Jacobian at a stationary state p⋆ ∈ ∆n. The fractional

replicator dynamics (3) is quasi-positive, meaning that pi = 0 =⇒ fi(p) ≥ 0, for all i,
and satisfies the mass conservation property ∑n

i=1 fi(p) = 0. Consequently, the simplex

∆n is forward invariant (Proposition 5). For any stationary state p⋆ ∈ ∆n, let S(p⋆) :=
{i ∈ {1, . . . , n} : p⋆i > 0} denote its support. We define the smallest face of the simplex

containing p⋆ by

F(p⋆) := {p ∈ ∆n : pi = 0 for all i /∈ S(p⋆)}.

By quasi-positivity, this face is positively invariant under the FRD, and p⋆ belongs to the

relative interior of F(p⋆).7 Since the simplex is characterized by the affine constraint

∑i pi = 1, local perturbations of p⋆ within the invariant face F(p⋆) evolve on the tangent

space

Tp⋆F(p⋆) =
{

y ∈ Rn : 1⊤y = 0, yi = 0 for all i /∈ S(p⋆)
}

.

We define the tangent Jacobian by JT := D f (p⋆)
∣∣
Tp⋆F(p⋆), and write σ(JT) for the spectrum

of JT. All local stability and convergence results in this section are understood relative to

the invariant face F(p⋆). Within this face, the local behavior of the FRD is governed by the

fractional linearization CDα
t y(t) = JT y(t), which allows us to treat interior and boundary

stationary states in a unified framework.

7We formally prove this claim in Lemma 2 in Appendix. For a face F ⊂ ∆n, its relative interior consists of
all points in F whose coordinates corresponding to active strategies are strictly positive.
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4.1 Local Stability and the Role of Memory

Under the classical replicator dynamic (1), local stability is governed entirely by the payoff

structure through the Jacobian of the replicator vector field. A stationary state p⋆ is locally

asymptotically stable iff all eigenvalues of the Jacobian have strictly negative real parts. In

this setup, time plays no independent role as stability is a strategic property. Fractional ad-

justment breaks this logic. Local stability is no longer determined by the signs of real parts

of eigenvalues, but by their complex arguments through an angular criterion. As a result,

the same payoff structure can generate qualitatively different local dynamics depending

solely on how strongly the past is remembered. The criterion is due to Matignon (1996).

Theorem 1 (Local stability under FRD). Let p⋆ ∈ ∆n be a stationary state of the FRD. Then
p⋆ is locally asymptotically stable, relative to the invariant face F(p⋆), if and only if every
eigenvalue λ ∈ σ(JT) satisfies | arg(λ)| > απ/2.

For α = 1, the stability region coincides with the left half-plane, and the condition

reduces to the classical requirement ℜ(λ) < 0. When α < 1, the stability region contracts

to the complement of a cone around the positive real axis with opening angle απ, reflecting

the altered temporal aggregation of payoff differences induced by fractional adjustment.

To interpret this condition, consider the linearized dynamics around p⋆. Each eigen-

value λ ∈ σ(JT) corresponds to a local adjustment mode. Eigenvalues with small ar-

guments are associated with predominantly non-oscillatory modes, in which deviations

from the stationary state evolve mainly through monotonic expansion or contraction. By

contrast, eigenvalues with arguments close to π/2 correspond to oscillatory modes, char-

acterized by persistent local cycling with limited net drift.

Fractional adjustment affects these modes asymmetrically. Because the fractional op-

erator aggregates past payoff differences using a slowly decaying kernel, the effective ad-

justment rate depends on the temporal structure of deviations. Oscillatory modes, which

repeatedly revisit nearby states, are more strongly dampened by memory accumulation

than monotonic modes. As a result, eigenvalues with a substantial imaginary component

can satisfy the fractional stability condition even when they would generate neutral cycles

or weak instability under the classical replicator.

Hence fractional memory does not uniformly slow down adjustment. Rather, it selec-

tively alters the balance between drift and oscillation, transforming certain cyclic forces

into dissipative dynamics. This mechanism explains why payoff structures that generate

persistent cycling under memoryless adjustment may converge under fractional time.
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Because stability now depends explicitly on the temporal law of adjustment, it is useful

to index dynamic stability by α.

Definition 3 (α-stability). A stationary state p⋆ ∈ ∆n is said to be α-stable if it is locally
asymptotically stable under the FRD with Caputo derivative order α ∈ (0, 1], relative to the
smallest invariant face F(p⋆).

By construction, α-stability coincides with standard local asymptotic stability when

α = 1. For α < 1, α-stability refines refines classical stability by making explicit that

dynamic viability is a joint property of (i) the payoff structure, which determines the local

direction and rotation of motion (encoded in JT), and (ii) the temporal aggregation of

payoff information, which governs how strongly past deviations continue to shape current

adjustment (encoded by α).

This definition formalizes the idea that stability is not purely strategic: A stationary

state may fail to be reached under memoryless adjustment and yet become locally attract-

ing once history-dependent adjustment is introduced.8

Proposition 7. If p⋆ is a strict ESS in the classical sense, then p⋆ is α-stable for all α ∈ (0, 1].

Fractional memory does not destabilize evolutionarily robust equilibria. Fractional time

preserves the canonical link between ESS and local attraction. However, the converse does

not hold in general. In games with three or more strategies, there exist stationary states

that are not ESS and are unstable under the classical replicator (α = 1), yet become α-

stable once memory is sufficiently strong. This reflects a distinction between evolutionary

stability and dynamic stability under memory-dependent adjustment.

Consequently, α acts as a temporal selection parameter. It determines which station-

ary states are dynamically viable once adjustment frictions and memory are taken into

account. ESS remain robust for all α, but additional stationary states may become locally

attracting as memory strengthens. Stability is therefore not purely strategic, but jointly

determined by incentives and temporal structure.

4.2 Memory-Induced Stability Switching

We now isolate a general mechanism through which fractional memory reverses local sta-

bility in multidimensional games.
8Note that, by definition, α-stability is always understood relative to the smallest invariant face of the

simplex containing the stationary state. This convention allows us to treat interior and boundary equilibria
in a unified definition.
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Theorem 2 (Memory-induced stability switching). Let p⋆ ∈ ∆n be a stationary state of the
FRD, and let JT denote the tangent Jacobian at p⋆. Assume that ϑ := minλ∈σ(JT) | arg(λ)| ∈
(0, π/2). Then:

(i) p⋆ is locally unstable under the classical replicator (α = 1);

(ii) there exists a threshold ᾱ := 2ϑ/π ∈ (0, 1) such that p⋆ is α-stable for all α ∈ (0, ᾱ).

This result follows directly from the local stability criterion established in Theorem 1.

Under the FRD, local stability is characterized by an angular condition on the spectrum

of the tangent Jacobian: a stationary state is α-stable if and only if every eigenvalue λ

satisfies | arg(λ)| > απ/2. In contrast with the classical replicator, stability is therefore not

determined solely by the sign of the real parts of the eigenvalues, but by their position in

the complex plane.

When α = 1, as we have seen, FRD coincides with the classical replicator and the

angular condition reduces to | arg(λ)| > π/2, which is equivalent to the standard re-

quirement ℜ(λ) < 0 for all λ ∈ σ(JT). In the present theorem, the spectral assumption

ϑ := minλ∈σ(JT) | arg(λ)| ∈ (0, π/2) implies that this classical condition fails: at least one

eigenvalue lies outside the open left half-plane, so the stationary state is locally unstable

under the classical replicator dynamics. For 0 < α < 1, however, the stability condition

becomes less restrictive. Since the critical angle απ/2 decreases with α, eigenvalues that

are destabilizing in the classical case may satisfy the fractional stability condition when

memory is sufficiently strong. Defining the threshold ᾱ = 2ϑ/π, it follows that for all

α ∈ (0, ᾱ) the angular condition holds for every eigenvalue of JT, and the stationary state

becomes locally asymptotically stable. Hence, memory can stabilize a stationary state that

is unstable in the memoryless dynamics. Importantly, this stability reversal occurs without

any change in payoffs, best-response behavior, or stationary points: it is driven entirely

by memory, which alters the temporal structure of adjustment rather than the strategic

environment. The mechanism is therefore a purely temporal bifurcation. 9

Corollary 1 (Monotonicity in α). Fix a stationary state p⋆ and its spectrum σ(JT). If p⋆ is
α0-stable for some α0 ∈ (0, 1], then it is α-stable for every α ∈ (0, α0].

9Note that this result highlights a key dimensionality requirement. When n = 2, the Jacobian admits
only real eigenvalues, so the angular stability criterion collapses to the classical sign test and stability cannot
depend on α. By contrast, for n ≥ 3, complex eigenvalues arise generically in economically relevant envi-
ronments with cyclic or non-transitive interactions. In such settings, memory becomes a genuine stability
parameter: varying α alone can turn an unstable stationary state into a stable one.
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Corollary 1 characterizes how local stability varies with the degree of memory. By The-

orem 1, local stability requires that all eigenvalues of JT lie outside a sector of angle απ

centered on the positive real axis. As α decreases, this sector contracts monotonically,

making the spectral condition for stability weakly easier to satisfy. Consequently, the set

of stationary states that are locally asymptotically stable under FRD expands as memory

persistence increases.

A direct implication is that memory cannot eliminate local stability. If a stationary state

is (locally) stable at some α0, it remains stable for all smaller α. Conversely, a stationary

state that is unstable under the classical replicator dynamics (α = 1) may become locally

stable for sufficiently small α. Theorem 2 provides a sharp characterization of this stability

reversal when instability is driven by complex eigenvalues.

Economically, this monotonicity implies that memory affects adjustment dynamics in

a one-sided and purely stabilizing manner. Varying α modifies the temporal aggregation

of past payoffs without altering incentives, payoffs, or best responses. Memory therefore

attenuates payoff-induced rotational or locally expansive forces in the dynamics but cannot

generate new sources of local instability.

4.3 Speed of Convergence: Mittag–Leffler Relaxation

We now turn to our second main result, which concerns the speed at which stable sta-

tionary states are approached. While the previous section showed that memory can alter

local stability properties, fractional adjustment also fundamentally changes the dynamics

of convergence.

Theorem 3 (Mittag–Leffler convergence). Let α ∈ (0, 1) and let p⋆ be an α-stable stationary
state of FRD. Then there exists a neighborhood U of p⋆ such that, for every p(0) ∈ U ,

p(t)− p⋆ = Eα

(
JTtα

)
(p(0)− p⋆) + o(∥p(0)− p⋆∥) as ∥p(0)− p⋆∥ → 0,

where Eα(z) = ∑∞
k=0 zk/Γ(αk + 1) denotes the Mittag–Leffler function.

Moreover, the convergence toward p⋆ is polynomial: there exists K > 0 such that, for all
sufficiently large t, we have ∥p(t)− p⋆∥ ≤ K t−α.

When α = 1, E1(JTt) = eJTt and convergence is exponential. When α < 1, the “expo-

nential clock” is replaced by a heavy-tailed relaxation law. This difference is not a mere

rescaling of time: polynomial decay implies that transients are long-lived and that early
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deviations retain influence over economically relevant horizons. In particular, the half-life

of a deviation is not proportional to a constant rate c−1 (as under exponential decay) but

depends on the level of the deviation itself, a hallmark of power-law relaxation.

Economically, Mittag–Leffler convergence provides a deterministic mechanism for per-

sistent off-equilibrium behavior. Even when selection is asymptotically unambiguous, dom-

inated strategies and unstable thresholds may remain observable for long periods because

the approach to the attractor is slow in a precise, power-law sense. This is the basis for our

finite-time indeterminacy results.

This section have analytically demonstrated two distinct channels through which long

memory affects evolutionary dynamics. The first channel is quantitative. Fractional adjust-

ment preserves the equilibrium set and the local direction of selection whenever stability

holds, but replaces exponential convergence with Mittag–Leffler (polynomial) relaxation

(Theorem 3). The second channel is qualitative and inherently multidimensional. In games

with n ≥ 3, fractional memory can alter local stability when the payoff-induced Jacobian

admits complex eigenvalues (Theorem 2).

The remainder of the paper illustrates these two mechanisms. Section 5 studies slow

convergence and finite-time equilibrium selection in Prisoner’s Dilemma and coordination

games. Section 6 illustrates memory-induced stability switching in three-strategy games

with cyclic interactions.

5 Finite-Time Indeterminacy and Equilibrium Selection

This section illustrates the convergence result of Theorem 3 and shows that the change

in the clock has first-order implications for what an economist can observe in finite time.

Even when the equilibrium set and asymptotic basins of attraction are unchanged, the

polynomial rate of convergence induced by long memory generates large regions of the

state space that remain away from any equilibrium neighborhood over empirically relevant

horizons. As a result, equilibrium selection becomes history-dependent.

We illustrate these implications in two classes of environments. We first study 2 × 2
games, including a strict dominance environment (Prisoner’s Dilemma) and a coordination

game, to show how fractional memory slows convergence without altering equilibrium

selection asymptotically. We then turn to a symmetric 3 × 3 coordination game, where

finite-time indeterminacy becomes particularly transparent on the simplex.

17



5.1 2 × 2 games: dominance and coordination under fractional time

We focus on the two-strategy case (n = 2) with the payoff matrix

A =

(
a11 a12

a21 a22

)
.

where p(t) ∈ [0, 1] is the population share playing s1 (so that 1− p(t) plays s2). The payoff

difference between s1 and s2 is then an affine function and can be written as ∆(p) :=
π1(p)− π2(p) = Ap + B, where A := (a11 − a21) + (a22 − a12) ̸= 0 and B := a12 − a22.

The induced replicator drift therefore takes the form

f (p) = p(1 − p)∆(p) = p(1 − p)(Ap + B).

Prisoner’s Dilemma. The Prisoner’s Dilemma provides the simplest case of strict dom-

inance. Strategy s2 (Defect) strictly dominates s1 (Cooperate), so the payoff difference

∆(p) = Ap + B is negative for all p ∈ (0, 1) (e.g., when A < 0 and B < 0).

In the two-strategy case (n = 2), Nash equilibria and ESS coincide. It follows from

Corollary 6 that p⋆ = 0 is the unique Nash equilibrium and the unique ESS. Moreover, p⋆ =
0 is asymptotically selected under both the classical and fractional replicator. Applying

Theorem 3, the fraction of cooperation solves locally p(t) = Eα(λtα) p0, λ = f ′(0) < 0, so

that, for large t,
p(t) ∼ p0

|λ| Γ(1 − α)
t−α.

Hence cooperation still vanishes in the long run, but the speed of extinction depends crit-

ically on α. When α = 1, convergence is exponential; but when α < 1, extinction follows

a heavy-tailed power law, which implies that substantial levels of cooperation may persist

for a long time. We illustrate this feature starting from p0 = 0.5, with A = B = −1.10

Figure 1 shows p(t) for α ∈ {1, 0.8, 0.6, 0.4, 0.2}. With α = 1, cooperation collapses al-

most instantaneously (after roughly t = 5). In contrast, as long as α < 1, the trajectory

decays much more slowly. For α = 0.2, the share of cooperation is still greater than 10%
after t ≈ 100. Although cooperation remains doomed in the very long run, it may survive

10All simulations of the FRD are performed in MATLAB using the fde12 routine of Diethelm et al. (2004),
which implements a predictor-corrector scheme for Caputo fractional differential equations. For α = 1, the
results are cross-checked using a standard ODE solver (ode45), which confirms that the fractional code ac-
curately reproduces the classical replicator dynamic. Results are robust to smaller time steps and alternative
discretizations. The codes are available upon request.
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in short(medium)-run for an order of magnitude longer when memory is long-lived.

Figure 1: Trajectories p(t) under the fractional replicator for several values of α.

Notes: Prisoner’s Dilemma with parameters A = B = −1 and p(0) = 0.5.

To quantify the slowdown induced by memory, we define the time-to-threshold Tε(α) :=
inf{t ≥ 0 : p(t) ≤ ε}, the first time at which the cooperative share falls below a tolerance

level ε. Figure 2 plots Tε(α) for ε ∈ {10%, 5%, 1%} as a function of the memory param-

eter α. Two patterns emerge. First, Tε(α) is strictly decreasing in α and grows rapidly as

α decreases, consistent with the Mittag–Leffler scaling Tε(α) ≈
(

p0/(ε|λ|Γ(1 − α))
)1/α.

Second, tighter thresholds require substantially more time for any given α, yielding the

ordering T10%(α) < T5%(α) < T1%(α) for all α. Quantitatively, reaching 10% cooperation

takes about 70 periods at α = 0.3, compared with roughly 9 periods at α = 0.5 and only a

few periods when α is close to 1. The slowdown is more pronounced for stricter thresholds:

for ε = 5%, we find T5%(0.45) ≈ 75 and T5%(0.6) ≈ 10, while for ε = 1% even moderate

memory generates long persistence (T1%(0.65) ≈ 90 and T1%(0.9) ≈ 10).

Finally, Figure 3 examines the tail behaviour of the trajectories by plotting log p(t)
against log t. This transformation allows us to clearly distinguish exponential decay from

power-law decay. The black curve (α = 1) bends downward, as expected from an exponen-

tial law. By contrast, for all α < 1, the trajectories align with almost straight lines in log-log

scale. Each of these lines has an asymptotic slope approximately equal to −α, as predicted

by the Mittag-Leffler asymptotics p(t) ∼ t−α. The dotted lines plotted in the background

confirm this behaviour: they represent the theoretical reference t−α and closely overlap

with the numerical trajectories for sufficiently large t.
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Figure 2: Time-to-threshold Tε(α) under the fractional replicator.

Figure 3: Log–log plot of log p(t) vs. log t under the fractional replicator.

Notes: Log–log plot illustrating power-law decay when α < 1. The slope is approximately −α, consistent
with Mittag–Leffler asymptotics.

Coordination and finite-time non-degenerate selection. In a coordination game, the

payoff difference ∆(p) = Ap + B crosses zero once in the interior of the unit interval.

Assuming A > 0 and B < 0, this unique crossing occurs at p† := −B/A ∈ (0, 1). The

induced replicator dynamics therefore admit three stationary states: the boundary points

p = 0 and p = 1, which are locally asymptotically stable, and the interior point p†, which

is locally unstable.
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Under the classical replicator, the threshold partitions the state space sharply: initial

conditions with p(0) > p† converge exponentially to 1, and those with p(0) < p† converge

exponentially to 0. Hence, in any realistic time frame, nearly every population reaches one

of the two conventions. Under the fractional dynamic, however, the set of equilibria and

their basins remain the same, but convergence slows dramatically. As a consequence,

finite-time equilibrium selection is no longer unique—both conventions may be observed

with strictly positive frequency within relevant horizons.

To formalize this, define for k ∈ {0, 1} the hitting time T(k)
ε (α) = inf

{
t ≥ 0 : |p(t)−

k| ≤ ε
}

. Although long-run selection is unaffected by α, Theorem 3 implies that near a

stable corner with slope λk = f ′(k) < 0,

T(k)
ε (α) ≈

(
|p0 − k|

ε |λk| Γ(1 − α)

)1/α

,

so T(k)
ε (α) explodes as α declines.

We perform numerical simulations with A = 1 and B = −0.6 (so p† = 0.6). Figure 4

reports the hitting times T(0)
ε (α) and T(1)

ε (α). When α ≃ 1, both equilibria are reached

within 10 periods; at α = 0.6, the same paths require 40–50 periods; at α = 0.5, more than

70; and once α < 0.4, many trajectories do not reach any ε-neighborhood by T = 100.

Figure 4: Hitting times T(0)
ε (α) and T(1)

ε (α) in a 2 × 2 coordination game.

Notes: Coordination game with A = 1 and B = −0.6 (so p† = −B/A = 0.6). The tolerance is ε = 0.05.

T(k)
ε (α) denotes the first time at which the trajectory enters an ε-neighborhood of equilibrium k ∈ {0, 1}.

To assess which convention is effectively selected over finite horizons, we conduct

Monte Carlo simulations with initial conditions drawn uniformly from [0, 1], that is, p0 ∼

21



Unif[0, 1]. We fix the time horizon at T = 60. This horizon is long enough for coordination

to occur under the classical replicator dynamics, yet short enough to remain economically

and behaviorally relevant—for instance, the duration of an experimental session or a small

number of generations in a cultural evolution setting.

For each simulated trajectory, we record whether the state reaches an ε-neighborhood

of either boundary equilibrium s0 = 0 or s1 = 1 first, and whether this occurs before the

horizon T. Let T(i)
ε denote the first hitting time of the ε-neighborhood of si. This procedure

induces the following finite-time selection probabilities:

PT(s1 | α) = Pr
(
T(1)

ε < T(0)
ε ≤ T

)
, PT(s0 | α) = Pr

(
T(0)

ε < T(1)
ε ≤ T

)
.

Equivalently, these probabilities correspond to the Lebesgue measures of the sets of initial

conditions whose trajectories reach s1 or s0 first within the finite horizon.

Importantly, these probabilities need not sum to one. For sufficiently small α, a non-

negligible set of trajectories converges too slowly to reach either equilibrium before time

T and remains in the interior of the state space. We denote the measure of this set by

|IT(α, ε)| = Pr
(
min{T(0)

ε , T(1)
ε } > T

)
, and refer to IT(α, ε) as the indecision region.

These three outcomes—convergence to s0, convergence to s1, or no convergence—

partition the unit interval of initial conditions. Figure 5 visualizes this partition in the

(α, p0) plane. Each point is colored according to the outcome of the trajectory: light for s1,

dark for s0, and gray for trajectories that have not reached either equilibrium by T = 60
(here ε = 0.02). When memory is short (α ≥ 0.7), the picture resembles the classical

replicator: the unstable threshold p† = 0.6 sharply separates the two basins, and virtually

every initial condition converges to a corner. As α falls below 0.7, a gray band emerges

around p† where convergence does not occur within the horizon. This indecision region

expands quickly: it represents 40–60% of initial conditions at α ≈ 0.5, and over 80% for

α ≈ 0.3. For α between 0.1 and 0.2, more than 90% of initial conditions remain outside

any equilibrium neighbourhood at T = 60.
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Figure 5: Finite-time selection map in the (α, p0) plane.

Notes: Selection map computed over a grid of initial conditions p0 ∈ [0, 1] for horizon T = 60 and tolerance
ε = 0.02. Light areas correspond to finite-time selection of s1, dark areas to selection of s0, and gray areas to

unresolved trajectories that do not reach any ε-neighborhood by time T.

Figure 6: Width of the indecision region |IT(α)|.

Notes: The indecision region IT(α) consists of initial conditions p0 that do not reach any ε-neighborhood of
a pure equilibrium by time T. Parameters: A = 1, B = −0.6, ε = 0.05, T = 60.

Figure 6 plots the associated measure |IT(α)| as a function of α. At the same time,

conditional on reaching an equilibrium before T, the probability of selecting s1 versus s0

stabilizes around a 60/40 split for α ∈ [0.5, 0.7] (Figure 5). These ratios should not be
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interpreted as steady-state frequencies: they arise because the drift toward s1 is slightly

stronger near that corner (|λ0| = 0.6 versus |λ1| = 0.4), and because finite-time selection

does not coincide with long-run basins when convergence is slow.

These results point to a general property of fractional dynamics: finite-time equilibrium

selection is non-degenerate. Even in a simple 2 × 2 coordination game, both conventions

may appear with positive probability and a large share of initial conditions may remain

undecided. The following proposition establishes this analytically.

Proposition 8. Consider a 2 × 2 coordination game under the FRD with α ∈ (0, 1). Fix
ε ∈ (0, 1/4) and T > 0. Suppose p0 has density g on [0, 1] satisfying g(p) ≥ m > 0. Let
λk := f ′(k) denote the local slope at the boundary equilibrium k ∈ {0, 1} and set Λ :=
min{|λ0|, |λ1|}. Then there exists η > 0 such that, whenever

(
η

εΛΓ(1 − α)

)1/α

≤ T ≤
(

2η

εΛΓ(1 − α)

)1/α

,

both selection probabilities are strictly positive: PT(s0) ≥ m η, and PT(s1) ≥ m η. Hence,
finite-time equilibrium selection is non-degenerate.

The proposition formalizes the idea that, under fractional dynamics, equilibrium selec-

tion is generically non-degenerate over economically relevant time horizons. There exists

an intermediate range of horizons T—neither too short nor asymptotically large—over

which both conventions are selected with strictly positive probability. Trajectories start-

ing sufficiently close to the unstable threshold p† drift only slowly toward either corner.

Because convergence is polynomial, these trajectories do not reach an equilibrium neigh-

borhood within time T, while trajectories slightly farther away already do. As a result, a

non-negligible mass of initial conditions selects s0, another selects s1, and a third remains

transiently uncommitted. This phenomenon is not specific to one-dimensional state spaces.

Moving to a multidimensional environment sharpens both its geometric interpretation and

its empirical relevance.

5.2 Three-Strategy Coordination and Basin Observability

We consider the minimal multidimensional extension of the coordination environment,

namely a symmetric 3 × 3 game with three competing conventions. Let {s1, s2, s3} denote
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the strategy set and consider the payoff matrix

A(δ) =

 1 −δ −δ

−δ 1 −δ

−δ −δ 1

 , (5)

where δ > 0 measures the coordination penalty. Matching on the same convention yields

payoff 1, whereas mismatching yields −δ. Each vertex of the simplex is a strict Nash

equilibrium and an ESS. By contrast, the symmetric interior point p⋆ = (1/3, 1/3, 1/3) is

not a stationary state of the classical replicator, since a decrease in the share of any strategy

raises its relative payoff and induces drift toward the boundary.

Geometrically, this setting generalizes our 2 × 2 coordination game. While the 2 ×
2 case features two stable equilibria separated by a single unstable threshold, the 3 ×
3 case unfolds on the two-dimensional simplex, which is partitioned into three basins

of attraction separated by separatrices. This geometry allows a direct visualization of

equilibrium selection.

Under the classical replicator (α = 1), the simplex is cleanly partitioned into three

basins, and trajectories converge exponentially fast to one of the corners. Equilibrium se-

lection is therefore completed within moderate time horizons. Under the FDR (0 < α < 1),

the payoff-induced vector field and the asymptotic basins are unchanged. Each corner re-

mains locally stable and almost every initial condition converges to one of them in the long

run. What changes is the temporal law of adjustment: the time required to enter a neigh-

borhood of any equilibrium can be arbitrarily large, creating a wedge between asymptotic

basin structure and finite-time observability. Under fractional adjustment, basins persist,

but equilibrium selection need not be visible over economically relevant horizons.

Figure 7 illustrates this wedge between asymptotic basin structure and finite-time ob-

servability for two values of the coordination penalty, δ = 0.3 (top panels) and δ = 0.6
(bottom panels), under the classical replicator (α = 1, left) and the fractional replicator

(α = 0.5, right).

When miscoordination is mild (δ = 0.3), equilibrium selection is complete within hori-

zon T under the classical replicator. Under fractional adjustment, by contrast, a non-

negligible region around the center of the simplex remains outside any ε-neighborhood of

the vertices over the same horizon, despite asymptotic convergence. When miscoordina-

tion is more severe (δ = 0.6), payoff-induced drift away from the separatrices strengthens

and finite-time selection accelerates, yet the delaying effect of memory remains visible.
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(a) δ = 0.3

(b) δ = 0.6

Figure 7: Finite-horizon basin classification in the three-strategy coordination game.
Notes: For each δ, the left panel reports the classical replicator (α = 1) and the right panel the fractional
replicator (α = 0.5). Gray dots indicate initial conditions that have not reached any ε-neighborhood of a

corner by time T. We consider ε = 0.03 and T = 60.

Our simulations confirm that fractional memory leaves the asymptotic basin geometry

unchanged but substantially reduces its finite-time visibility. Over economically relevant

horizons, the slowing induced by memory can dominate payoff effects, so sharp asymptotic

predictions coexist with persistent finite-time indeterminacy.

Methodologically, fractional adjustment then provides a deterministic mechanism through

which non-equilibrium or dominated configurations may persist over long but finite hori-

zons, without the need of stochastic perturbations, mutations, or random switching. Ap-

parent coordination failures or prolonged intermediate outcomes can therefore arise from

the temporal structure of adjustment rather than from weak incentives or payoff indiffer-

ence.
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6 Stability Switching in a Three-Strategy Game

This section illustrates the stability-switching result established in Theorem 2 within a

minimal three-strategy environment. The objective is show how fractional memory induces

a genuine temporal bifurcation in a canonical evolutionary game.

The mechanism underlying the bifurcation is the interaction between rotational forces

in the local payoff-induced dynamics and history-dependent adjustment. When the Jaco-

bian of the replicator vector field admits complex eigenvalues, local stability is no longer

determined solely by payoff primitives. Instead, it also depends on the memory parame-

ter α. As a consequence, the same stationary Nash equilibrium may be neutrally stable,

unstable, or locally attracting depending only on the temporal law of adjustment.

We proceed in three steps. We first consider the exact zero-sum case, in which classical

replicator dynamics generate neutral cycles and the stability threshold is degenerate: any

amount of memory collapses these cycles into a single attractor. We then introduce a small

symmetric perturbation, which yields an interior stability threshold, say ᾱ(ε) ∈ (0, 1). Fi-

nally, we interpret this threshold as a purely temporal bifurcation, in line with Theorem 2.

Exact zero-sum games (degenerate threshold). We first consider the limiting case of

exact zero-sum interactions, namely the payoff matrix A is such that A+ A⊤ = 0. Suppose

that such a game admits an interior Nash equilibrium p⋆ ∈ int(∆n). In this case, the

Jacobian of the replicator vector field restricted to the tangent space JT is antisymmetric.

As a consequence, all its nonzero eigenvalues are purely imaginary, λ = ±iω, implying

| arg(λ)| = π/2. Theorem 2 then yields the following corollary.

Corollary 2 (Exact zero-sum case). In symmetric zero-sum games with an interior Nash
equilibrium p⋆, the stability threshold satisfies ᾱ = 1. The equilibrium is neutrally stable
under the classical replicator dynamics (α = 1) but α-stable for every α < 1.

As long as α < 1, any amount of long memory collapses the continuum of neutral

cycles generated by the classical replicator into a single attracting trajectory. In exact zero-

sum games, the interior Nash equilibrium is surrounded by closed orbits under standard

dynamics because local motion is purely rotational. Introducing fractional adjustment

alters only the temporal law of motion, but this is sufficient to dampen the rotational

component and generate convergence. As a result, a mixed Nash equilibrium that fails

to be evolutionarily stable in the sense of Maynard Smith becomes locally asymptotically

stable under fractional replicator dynamics.
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Figure 8: Replicator and fractional replicator dynamics in Rock–Paper–Scissors (RPS)

Notes: Exact zero-sum RPS. All trajectories start from p(0) = (0.90, 0.08, 0.02) over T = 500.

Figure 8 illustrates this mechanism in the exact zero-sum Rock–Paper–Scissors game,

namely

A = A0 =

 0 −1 1
1 0 −1
−1 1 0

 ,

With α = 1, trajectories remain on closed orbits around the interior Nash equilibrium

p⋆ = (1/3, 1/3, 1/3), reflecting the purely rotational local dynamics. By contrast, under

fractional adjustment (α < 1), trajectories exhibit damped oscillations and converge to p⋆.
The figure reports several such trajectories for α ∈ {0.9, 0.7, 0.5}, illustrating how even an

arbitrarily small amount of memory suffices to eliminate cycling and induce local stability.

Near zero-sum games (interior thresholds). We now relax the exact zero-sum assump-

tion and consider small symmetric perturbations of the Rock–Paper–Scissors game. This

allows us to move from the degenerate case in which any amount of memory stabilizes

the interior equilibrium to a setting in which stability depends on an interior threshold

ᾱ ∈ (0, 1).
Specifically, consider the family of payoff matrices Aη = A0 − ηB, where η > 0, A0 is
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the antisymmetric Rock–Paper–Scissors matrix and

B =

0 1 1
1 0 1
1 1 0

 .

For η sufficiently small, the interior state p⋆ = (1/3, 1/3, 1/3) remains a Nash equilibrium.

However, the introduction of a symmetric component generically shifts the eigenvalues of

the tangent Jacobian away from the imaginary axis.

Under the classical replicator dynamics (α = 1), this perturbation can turn the interior

equilibrium into a repelling focus, so that trajectories spiral outward toward the bound-

ary even though p⋆ remains Nash. Under fractional adjustment, by contrast, stability is

governed by the spectral angle of the eigenvalues. Since | arg(λη)| < π/2 for η > 0, the

associated stability threshold

ᾱ(η) =
2| arg(λη)|

π

lies strictly inside (0, 1) whenever the classical equilibrium is unstable.

Corollary 3 (Near zero-sum stabilization). Consider the near zero-sum family Aη = A0 −
ηB, and suppose that for some η > 0 the interior Nash equilibrium p⋆ = (1/3, 1/3, 1/3) is
locally unstable under the classical replicator dynamics (α = 1). Then there exists a threshold
ᾱ(η) ∈ (0, 1) such that p⋆ is α-stable for all α < ᾱ(η).

This result identifies a genuine stability-switching region in the memory parameter. For

large α, the interior equilibrium is dynamically repelling, whereas for sufficiently small α,

long memory stabilizes the same equilibrium, holding payoffs fixed.

Figure 9 illustrates this stability-switching mechanism for η = 0.05. Panel (a) compares

the classical replicator dynamics (α = 1) with fractional adjustment for α > ᾱ(0.05): in

both cases trajectories display persistent cycling or outward drift. Panel (b) holds the

payoff matrix and initial condition fixed but sets α < ᾱ(0.05), in which case trajectories

exhibit damped oscillations converging to p⋆.
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Figure 9: Memory-induced stability switching in a near zero-sum three-strategy game

Notes: Near zero-sum RPS with payoffs Aη = A0 − εB, η = 0.05, where A0 is the antisymmetric RPS matrix
and B has off-diagonal entries equal to one. Green: α = 1. Black: fractional adjustment with α > ᾱ (panel

a) and α < ᾱ (panel b). Common initial condition across trajectories.

Figure 10: Fractional stability threshold in near zero-sum games

Notes: Stability threshold ᾱ(η) = 2| arg(λη)|/π for Aη = A0 − ηB. Shaded: (η, α) for which p⋆ is unstable
at α = 1 but α-stable under fractional adjustment. Dashed line: α = 1.

To assess robustness, Figure 10 plots the analytical threshold ᾱ(η) across η. The curve

partitions the (η, α)-plane into an unstable region (above) and an α-stable region (below).

The shaded area highlights the fractional stabilizing region—parameter values for which p⋆

is unstable under the classical replicator (α = 1) yet becomes locally asymptotically stable

once memory is sufficiently strong.
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This section illustrates that local stability is not determined by incentives alone, but

also by the temporal law of adjustment. When the payoff-induced vector field features

significant rotation, memory dampens oscillatory components and restores dissipation. In

this sense, time becomes a genuine bifurcation parameter governing dynamic stability.

This kind od bifurcation arises in deterministic setting and does not rely on stochastic

shocks, mutations, or random perturbations. It follows solely from the interaction between

rotational incentives and history-dependent adjustment.

The mechanism is intrinsically multidimensional and cannot arise in two-strategy games,

where the Jacobian has only real eigenvalues and stability reduces to the classical scalar

condition. Fractional memory therefore expands the set of equilibria that are dynamically

selected in the long run. Interior Nash equilibria that are not evolutionarily stable un-

der the classical replicator may nevertheless become locally attracting once agents exhibit

sufficiently persistent memory.

7 Concluding remarks

This paper studies how the temporal structure of adjustment shapes evolutionary selection.

We introduce a fractional extension of the replicator dynamics that preserves payoff-based

selection while allowing past payoff information to influence current behavior through

long memory. The resulting fractional replicator dynamics leaves the equilibrium set and

feasibility properties unchanged, but alters local stability, convergence rates, and equilib-

rium selection over finite horizons.

Our analysis yields three main insights. First, introducing long memory does not mod-

ify incentives or equilibrium structure: Nash equilibria remain stationary, and the simplex

remains forward invariant for all fractional orders. Second, memory can affect stability.

Equilibria that are unstable under the classical, memoryless replicator may become lo-

cally asymptotically stable once past experiences remain sufficiently salient, giving rise to

memory-induced stability switching. Third, even when stability is unchanged, memory

slows adjustment. Convergence becomes polynomial rather than exponential, creating a

wedge between asymptotic basin geometry and finite-time selection.

These results challenge the implicit neutrality of time in standard evolutionary models.

They show that sharp asymptotic predictions can coexist with persistent non-equilibrium

behavior over economically relevant horizons, even in fully deterministic environments.

Slow convergence, prolonged coexistence of strategies, or delayed coordination need not
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reflect noise, bounded rationality, or weak incentives. They can arise endogenously from

the intrinsic dynamics of adjustment when past payoff information decays slowly.

Methodologically, our approach isolates a new channel through which evolutionary

dynamics can be enriched without altering the selection mechanism itself. By modifying

only the temporal operator, the fractional replicator preserves the microeconomic logic of

payoff-monotone revision while allowing time to become a determinant of stability and

selection. This perspective complements existing work emphasizing the role of revision

protocols, by showing that even holding the payoff-induced vector field fixed, the law of

temporal aggregation can matter.

Finally, our results point to several directions for future research. Fractional adjustment

could be combined with stochastic perturbations to study the interaction between mem-

ory and noise. The framework may also be extended to other evolutionary or learning

dynamics, such as best-response or reinforcement-based models. More generally, frac-

tional analysis provides a tractable way to study persistence and history dependence in

evolutionary systems, and its systematic integration into economic theory remains largely

unexplored.
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A Mathematical Proofs

Preliminary. Throughout, let f : ∆n → Rn denote the replicator vector field associated

with the bounded payoff matrix A = (aij). For any population state p ∈ ∆n, individual
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payoffs are given by π(p) = Ap and average payoff by π̄(p) = p⊤Ap. The replicator

dynamics are therefore defined componentwise as

fi(p) = pi
(
πi(p)− π̄(p)

)
, i = 1, . . . , n.

Proof of proposition 1. (i) Invariance of the simplex. Summing over i yields ∑n
i=1 fi(p) =

∑n
i=1 piπi(p)− π̄(p)∑n

i=1 pi = π̄(p)− π̄(p) · 1 = 0, for every p ∈ ∆n. Hence d
dt ∑i pi(t) =

0, so ∑i pi(t) = ∑i pi(0) = 1 for all t. Nonnegativity follows from boundary tangency: If

pi = 0 then fi(p) = 0 ·
(
πi(p)− π̄(p)

)
= 0, so the vector field has no outward component

through the face {p ∈ ∆n : pi = 0}. Therefore every face of the simplex is forward

invariant, and p(t) ∈ ∆n for all t ≥ 0 whenever p(0) ∈ ∆n.

(ii) Stationarity and Nash equilibria. See Weibull (1997), Proposition 3.5, for a detailed

proof. If p⋆ is a symmetric Nash equilibrium, then every strategy used with positive prob-

ability yields the equilibrium payoff: πi(p⋆) = π̄(p⋆) for all i such that p⋆i > 0. Therefore,

for each i, fi(p⋆) = p⋆i
(
πi(p⋆)− π̄(p⋆)

)
= 0, and for indices with p⋆i = 0 we also have

fi(p⋆) = 0 by the factor p⋆i . Hence f (p⋆) = 0, i.e., p⋆ is a stationary state.

Proof of Proposition 2. See Weibull (1997), Proposition 3.10, for a detailed proof. The

result is standard for payoff-monotone dynamics. A canonical argument constructs the

divergence V(p) = ∑i:p⋆i >0 p⋆i log
(

p⋆i
pi

)
as a strict local Lyapunov function. One then shows

that V̇(p) = π(p, p)− π(p⋆, p) < 0 in a neighborhood of the ESS p⋆, which establishes

local asymptotic stability.

Proof of proposition 3. Let p⋆ be a locally asymptotically stable fixed point and assume that

it is hyperbolic on the tangent space, i.e. that every eigenvalue of the restricted Jacobian

JT := D f (p⋆)
∣∣
T∆n , T∆n = {x ∈ Rn : 1⊤x = 0}, has strictly negative real part.

Since f is C1 on ∆n, the dynamics restricted to the invariant simplex define a C1 local

flow on the manifold ∆n. By standard linearization for hyperbolic equilibria of C1 vector

fields, p⋆ is locally exponentially stable: there exist constants C, c > 0 and a neighborhood

N (p⋆) such that for all p0 ∈ N (p⋆), ∥p(t) − p⋆∥ ≤ Ce−ct, t ≥ 0. Moreover, writing

x(t) = p(t)− p⋆ ∈ T∆n, one has, as t → ∞, x(t) = eJTtx(0) + o
(
e−ct) , which is equivalent

to the stated expansion p(t)− p⋆ = eJTt(p0 − p⋆) + o
(
e−ct) .

Proof of Proposition 4. This result follows Diethelm (2010), lemma 6.2. Fix T > 0 and

0 < α < 1. We prove the equivalence componentwise and therefore omit the index i for

notational simplicity.
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Preliminaries. For a locally integrable function g : [0, T] → R, define the Riemann–

Liouville fractional integral of order α ∈ (0, 1) by

(Iαg)(t) =
1

Γ(α)

∫ t

0
(t − τ)α−1g(τ) dτ, t ∈ [0, T].

For an absolutely continuous function x : [0, T] → R, the Caputo fractional derivative of

order α ∈ (0, 1) is given by

CDα
t x(t) = (I1−α ẋ)(t) =

1
Γ(1 − α)

∫ t

0
(t − τ)−α ẋ(τ) dτ.

A fundamental identity linking these operators is

(IαCDαx)(t) = x(t)− x(0), t ∈ [0, T], (6)

which holds for all absolutely continuous functions x. Equivalently,

x(t) = x(0) +
1

Γ(α)

∫ t

0
(t − τ)α−1 CDα

τx(τ) dτ. (7)

(⇒) Caputo implies Volterra formulation. Assume that p(·) satisfies the Caputo system (3)

on [0, T], i.e. CDα
t p(t) = f (p(t)), t ∈ [0, T]. Applying (7) to x(t) = p(t) and substituting

CDα
τ p(τ) = f (p(τ)) yields the Volterra integral equation (4).

(⇐) Volterra formulation implies Caputo. Conversely, assume that p(·) ∈ C([0, T]; ∆n)

satisfies

p(t) = p(0) +
1

Γ(α)

∫ t

0
(t − τ)α−1 f (p(τ)) dτ, t ∈ [0, T].

In operator form, this can be written as p(t)− p(0) = (Iα f (p(·)))(t). Since f is continuous

on [0, T], the right-hand side is absolutely continuous and the Caputo derivative is well-

defined. Applying CDα
t to both sides and using the left-inverse property of the Caputo

derivative: CDα
t (Iαg)(t) = g(t), for all continuous g, we obtain: CDα

t
(

p(t) − p(0)
)
=

f (p(t)). Since the Caputo derivative of a constant vanishes, CDα
t (p(0)) = 0, it follows that

CDα
t p(t) = f (p(t)), t ∈ [0, T], which is precisely the Caputo formulation (3).

Lemma 1. For each i ∈ {1, . . . , n}:

(i) (Quasi-positivity) For every p ∈ ∆n, pi = 0 ⇒ fi(p) = 0.
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(ii) (Componentwise Lipschitz on ∆n) fi : ∆n → R is Lipschitz (related to the ℓ1 norm).

Proof of lemma 1. (i) If pi = 0, then fi(p) = pi[(Ap)i − p⊤Ap] = 0.

(ii) Let ∥ · ∥1 be the ℓ1 norm and set ∥A∥1 := maxj ∑n
i=1 |aij|. For any p, q ∈ ∆n, we

have the standard bounds:

∥Ap − Aq∥1 ≤ ∥A∥1 ∥p − q∥1,

|(p⊤Ap)− (q⊤Aq)| ≤ ∥A∥1 ∥p − q∥1 + ∥A∥1 ∥p − q∥1 = 2∥A∥1 ∥p − q∥1,

where we used ∥p∥1 = ∥q∥1 = 1 and p⊤Ap − q⊤Aq = (p − q)⊤Ap + q⊤A(p − q).
Now, for each component,

| fi(p)− fi(q)| =
∣∣∣pi
(
(Ap)i − p⊤Ap

)
− qi

(
(Aq)i − q⊤Aq

)∣∣∣
≤ |pi − qi| ·

∣∣∣(Ap)i − p⊤Ap
∣∣∣ + qi ·

∣∣∣(Ap − Aq)i −
(

p⊤Ap − q⊤Aq
)∣∣∣.

On ∆n, payoffs are bounded, namely for all r ∈ ∆n, |(Ar)i| ≤ ∥A∥1∥r∥1 = ∥A∥1, and

|r⊤Ar| ≤ ∥A∥1∥r∥1∥r∥1 = ∥A∥1. Hence
∣∣(Ar)i − r⊤Ar

∣∣ ≤ 2∥A∥1. Consequently, for all i,

| fi(p)− fi(q)| ≤ 2∥A∥1 |pi − qi|+ 3∥A∥1 ∥p − q∥1.

Since |pi − qi| ≤ ∥p − q∥1, the previous bound implies, for each i, | fi(p) − fi(q)| ≤
5∥A∥1 ∥p − q∥1, so fi is Lipschitz on ∆n. Finally,

∥ f (p)− f (q)∥1 =
n

∑
i=1

| fi(p)− fi(q)| ≤
n

∑
i=1

5∥A∥1 ∥p − q∥1 = 5n∥A∥1 ∥p − q∥1,

so the vector f is Lipschitz on ∆n as well.

Proof of proposition 5.

(a) Conservation of mass. By Proposition 4,

pi(t) = pi(0) +
1

Γ(α)

∫ t

0
(t − τ)α−1 fi(p(τ)) dτ.

Summing over i and using ∑i fi(p) = 0 yields ∑i pi(t) = ∑i pi(0) = 1 for all t.

(b) Positivity. Fix i ∈ {1, . . . , n}. Define fi(p) = pi gi(p), where gi(p) := (Ap)i − p⊤Ap.
Since gi is continuous on the compact set ∆n, it is bounded: there exists M > 0 such that
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|gi(p)| ≤ M for all p ∈ ∆n.
Assume by contradiction that pi becomes negative at some time. Since pi is continuous

and pi(0) ≥ 0, there exists a first time t⋆ := inf{t ≥ 0 : pi(t) < 0} ∈ (0, ∞), such that

pi(t) ≥ 0 for all t ∈ [0, t⋆], and pi(t⋆) = 0.
Evaluating the Volterra representation at t = t⋆ yields

0 = pi(t⋆) = pi(0) +
1

Γ(α)

∫ t⋆

0
(t⋆ − τ)α−1 pi(τ)gi(p(τ)) dτ.

Taking absolute values and using the bound on gi, we obtain∣∣∣∣∫ t⋆

0
(t⋆ − τ)α−1 pi(τ)gi(p(τ)) dτ

∣∣∣∣ ≤ M
∫ t⋆

0
(t⋆ − τ)α−1 pi(τ) dτ. (8)

We now control the right-hand side. Since pi is continuous on [0, t⋆] and satisfies

pi(t⋆) = 0, for every ε > 0 there exists δ ∈ (0, t⋆) such that pi(τ) ≤ ε for all τ ∈ [t⋆ − δ, t⋆].
Decomposing the integral accordingly gives

∫ t⋆

0
(t⋆ − τ)α−1pi(τ) dτ =

∫ t⋆−δ

0
(t⋆ − τ)α−1pi(τ) dτ +

∫ t⋆

t⋆−δ
(t⋆ − τ)α−1pi(τ) dτ

≤
(

sup
t∈[0,t⋆]

pi(t)
) ∫ t⋆−δ

0
(t⋆ − τ)α−1 dτ + ε

∫ t⋆

t⋆−δ
(t⋆ − τ)α−1 dτ.

Both integrals are finite (they can be computed explicitly). In particular, the second term

can be made arbitrarily small by choosing ε sufficiently small. It follows that the right-hand

side of (8) can be made arbitrarily small.

Consequently, it follows that the Volterra integral term can be made arbitrarily small.

Hence the equality pi(t⋆) = 0 forces pi(0) = 0. This contradicts the assumption pi(0) > 0.

Therefore, if pi(0) > 0, no such first time t⋆ can exist, and thus pi(t) ≥ 0 for all t ≥ 0.

If instead pi(0) = 0, observe that the identically zero function pi(t) ≡ 0 satisfies the i-th
Volterra equation associated with the FRD. By Lemma 1.ii, this Volterra problem admits a

unique solution for the given initial condition. It follows that pi(t) ≡ 0 for all t ≥ 0.

Since the index i was arbitrary, we conclude that p(t) ∈ Rn
+ for all t ≥ 0. Combined

with conservation of mass, this implies that p(t) ∈ ∆n for all t ≥ 0.

Proof of proposition 6.

(i) FRD-stationary ⇒ fixed point. If p⋆ is stationary under the FRD, then p(t) ≡ p⋆ is a
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solution. Since the Caputo derivative of a constant is zero, CDα
t pi(t) ≡ 0, and by (3) we

get fi(p⋆) = 0 for all i. Hence p⋆ is a fixed point of the classical replicator.

(ii) Fixed point ⇒ FRD-stationary. Conversely, if f (p⋆) = 0, then in the Volterra represen-

tation,

pi(t) = pi(0) +
1

Γ(α)

∫ t

0
(t − τ)α−1 fi(p⋆) dτ = p⋆i ,

so p(t) ≡ p⋆ is a solution of the FRD.

(iii) Nash equilibria. If p⋆ is a Nash equilibrium, then πi(p⋆) = π̄(p⋆) for all i in the support

of p⋆, while p⋆i = 0 outside the support. Therefore fi(p⋆) = p⋆i [πi(p⋆)− π̄(p⋆)] = 0 for all

i, hence p⋆ is stationary under the FRD by (ii).

Lemma 2. Let p⋆ ∈ ∆n and define its support S(p⋆) := {i ∈ {1, . . . , n} : p⋆i > 0}. Let

F(p⋆) := {p ∈ ∆n : pi = 0 for all i /∈ S(p⋆)} (9)

be the smallest face of the simplex containing p⋆. Then F(p⋆) is forward invariant under the
FRD. Moreover, p⋆ belongs to the relative interior of F(p⋆).

Proof of lemma 2. We first show that p⋆ ∈ relint(F(p⋆)). By definition of S(p⋆), we have

p⋆i > 0 for all i ∈ S(p⋆) and p⋆i = 0 for all i /∈ S(p⋆). The affine hull of F(p⋆) is given by

aff(F(p⋆)) = {p ∈ Rn : pi = 0 for all i /∈ S(p⋆), ∑
i∈S(p⋆)

pi = 1}.

Since p⋆i > 0 for all i ∈ S(p⋆), there exists ε > 0 such that every p ∈ aff(F(p⋆)) satisfying

|pi − p⋆i | < ε for all i ∈ S(p⋆) belongs to F(p⋆). Hence p⋆ is an interior point of F(p⋆)
relative to its affine hull, that is, p⋆ ∈ relint(F(p⋆)).

We now prove forward invariance. Let p(·) be a solution of the FRD with initial condi-

tion p(0) ∈ F(p⋆). Fix an index i /∈ S(p⋆). Then pi(0) = 0 and we claim that pi(t) = 0 for

all t ≥ 0. Using the Volterra representation of the Caputo system (Proposition 4) we have

pi(t) = pi(0) +
1

Γ(α)

∫ t

0
(t − τ)α−1 fi(p(τ)) dτ =

1
Γ(α)

∫ t

0
(t − τ)α−1 fi(p(τ)) dτ.

By quasi-positivity (Lemma 1(ii)), fi(p(τ)) ≥ 0 whenever pi(τ) = 0. Since the kernel (t −
τ)α−1 is nonnegative and pi(0) = 0, it follows that pi(t) ≥ 0 for all t ≥ 0. Moreover, if pi(t)
were strictly positive at some time, the integral representation would require fi(p(τ)) > 0
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on a set of positive measure, which contradicts quasi-positivity at the boundary pi = 0.

Hence pi(t) cannot leave zero and must satisfy pi(t) = 0 for all t ≥ 0. Since the argument

holds for every i /∈ S(p⋆), we conclude that p(t) ∈ F(p⋆) for all t ≥ 0.

Proof of Theorem 1. By Proposition 5 and Lemma 1(ii), our Caputo-based FRD is well-

defined on ∆n, since solutions exist uniquely and remain in the simplex.

Step 1 (reduction to the invariant face and tangent coordinates). Let p⋆ ∈ ∆n be a stationary

state and let F(p⋆) denote the smallest invariant face of the simplex containing p⋆ (see Eq.

9). By Lemma 2, F(p⋆) is forward invariant and p⋆ ∈ relint(F(p⋆)).
Let T := Tp⋆F(p⋆) be the tangent space to F(p⋆) at p⋆. Choose a matrix B ∈ Rn×d,

where d = dim T, with full column rank such that Im(B) = T, and let L ∈ Rd×n be a

left inverse of B, i.e. L × B = Id. Define local coordinates z := L(p − p⋆), equivalently

p = p⋆ + Bz. Since p⋆ ∈ relint(F(p⋆)), there exists r > 0 such that p⋆ + Bz ∈ F(p⋆) ⊂ ∆n

for all ∥z∥ < r. This parametrizes a neighborhood of p⋆ within the invariant face.

By linearity of the Caputo derivative and since p⋆ and B are constant, we have

CDα
t p(t) = CDα

t (p⋆ + Bz(t)) = B CDα
t z(t).

Substituting into CDα
t p(t) = f (p(t)) and multiplying by L yields the reduced Caputo sys-

tem in Rd:
CDα

t z(t) = L f (p⋆ + Bz(t)). (10)

Step 2 (linearization and tangent Jacobian). Since f is C1 near p⋆ and f (p⋆) = 0, Taylor

expansion gives: f (p⋆ + Bz) = D f (p⋆) Bz + r(Bz), with ∥r(Bz)∥/∥z∥ → 0 as z → 0.

Inserting this into (10) yields

CDα
t z(t) = Az(t) + ρ(z(t)), (11)

where A := L D f (p⋆) B, and ρ(z) := L r(Bz) = o(∥z∥) as z → 0.
Since F(p⋆) is invariant and ∑i fi ≡ 0, the Jacobian D f (p⋆) maps T into itself, so the

tangent Jacobian JT := D f (p⋆)
∣∣
T is well-defined. Moreover, for all z, we have JT(Bz) =

D f (p⋆)(Bz) = B(Az), which implies the intertwining relation JT ◦ B = B ◦ A. Hence A is

a matrix representation of JT, and in particular σ(A) = σ(JT).

Step 3 (Matignon linearization criterion). By the linearization principle for Caputo systems
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applied to (11), the equilibrium z = 0 is locally asymptotically stable if and only if

| arg(λ)| > απ

2
for all λ ∈ σ(A). (12)

This criterion was first established in Matignon (1996) and subsequently refined in Cong

et al. (2016), Theorem 3.1, and Diethelm (2010), Theorem 7.20.

Using σ(A) = σ(JT) and the local equivalence p = p⋆ + Bz, condition (12) is equiva-

lent to α-stability of p⋆ under the FDR (in the sense of Definition 3).

Proof of Theorem 2. Let p⋆ ∈ ∆n be a stationary state of the FDR By Proposition 6, station-

ary states of FRD coincide with those of the classical replicator, so p⋆ is also stationary for

α = 1. Local stability is governed by the tangent Jacobian JT restricted to Tp⋆F(p⋆), as

established in Theorem 1.

(i) Instability for α = 1. When α = 1, FRD reduces to the classical replicator ODE. By

Theorem 1 specialized to α = 1, local asymptotic stability requires | arg(µ)| > π/2 for all

µ ∈ σ(JT), which is equivalent to ℜ(µ) < 0. By assumption, ϑ := minµ∈σ(JT) | arg(µ)| <
π/2, so this condition is violated. Hence p⋆ is locally unstable under the classical replicator

dynamics.

(ii) Stability for sufficiently small α. By Theorem 1, p⋆ is α-stable if and only if

| arg(µ)| > απ

2
for all µ ∈ σ(JT). (13)

Define the spectral angle margin ϑ := minµ∈σ(JT) | arg(µ)| ∈ (0, π/2). Set ᾱ := 2ϑ/π ∈
(0, 1). For any α ∈ (0, ᾱ), we have απ/2 < ϑ, and therefore | arg(µ)| ≥ ϑ > απ/2 for all

µ ∈ σ(JT). Thus condition (13) holds, and p⋆ is locally stable for all α ∈ (0, ᾱ).

Proof of corollary 1. By α0-stability and Theorem 1, all λ ∈ σ(JT) satisfy | arg(λ)| > α0π/2.
For any α ∈ (0, α0] one has απ/2 ≤ α0π/2, so the same inequality implies, i.e. | arg(λ)| >
απ/2, ∀λ ∈ σ(JT). The conclusion follows again from Theorem 1.

Proof of Theorem 3. Fix α ∈ (0, 1) and let p⋆ be an α-stable stationary state. We use the

same local parametrization of the invariant face and the same tangent coordinates as in

the proof of Theorem 1. In particular, there exist matrices B and L (with L × B = I) such

that, for p close to p⋆ within the invariant face, p = p⋆ + Bz, z = L(p − p⋆), and the FRD

is locally equivalent to the reduced Caputo system

CDα
t z(t) = Az(t) + ρ(z(t)), z(0) = z0 := L(p(0)− p⋆), (14)
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where A := L D f (p⋆) B and ρ(z) = o(∥z∥) as z → 0. Moreover, the intertwining relation

JT ◦ B = B ◦ A holds, hence σ(A) = σ(JT).
Since p⋆ is α-stable, Theorem 1 implies that | arg(λ)| > απ/2 for all λ ∈ σ(JT), and

hence the same sector condition holds for σ(A). By the linearization principle for Caputo

systems (see Matignon, 1996; Cong et al., 2016; Diethelm, 2010), the equilibrium z = 0
is asymptotically stable and the solution admits the variation-of-constants representation

z(t) = Eα(Atα) z0 +
∫ t

0
(t − τ)α−1Eα,α

(
A(t − τ)α

)
ρ(z(τ))

dτ

Γ(α)
,

where Eα,β is the two-parameter Mittag–Leffler function Eα,β(s) := ∑∞
k=0 sk/Γ(αk + β).

Standard resolvent estimates for Mittag–Leffler functions under the sector condition

(see Diethelm, 2010, Theorems 7.3 and 7.2) imply that the integral term is o(∥z0∥) as

∥z0∥ → 0, uniformly in t ≥ 0. Therefore, we can write z(t) = Eα(Atα) z0 + o(∥z0∥).
Returning to p(t) = p⋆ + Bz(t) and using Eα(JTtα)B = BEα(Atα) yields

p(t)− p⋆ = Eα(JTtα) (p(0)− p⋆) + o(∥p(0)− p⋆∥),

which proves the first claim. Finally, under the same sector condition, the matrix Mittag–

Leffler function satisfies the polynomial decay estimate ∥Eα(Atα)∥ ≤ C t−α, for all suffi-

ciently large t and for some C > 0 (Diethelm, 2010, Theorem 7.3). This implies ∥p(t)−
p⋆∥ ≤ K t−α for large t.

Proof of proposition 8. We consider the 2 × 2 coordination game where the two corners

k ∈ {0, 1} are locally asymptotically stable for the classical replicator, and therefore α-

stable for FRD (Proposition 7 or directly by Theorem 1, since λk := f ′(k) < 0).

Fix k ∈ {0, 1} and define the deviation x(t) := p(t)− k. The dynamics near k can be

written as a scalar Caputo equation CDα
t x(t) = λkx(t) + o(x(t)).

Step 1 (local Mittag–Leffler approximation). By Theorem 3, there exists a neighborhood Uk

of k such that, for every initial condition p0 ∈ Uk,

x(t) = Eα(λktα) x(0) + o(|x(0)|), (15)

Moreover, since λk < 0, the Mittag–Leffler function satisfies the asymptotic bound (see
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Diethelm, 2010, Thm 7.3): there exists tk > 0 such that for all t ≥ tk,

0 ≤ Eα(λktα) ≤ 1
|λk| Γ(1 − α)

t−α (1 + o(1)) . (16)

Hence, shrinking Uk if necessary, there exists ηk > 0 such that for all |x(0)| ≤ ηk and

all t ≥ tk,

|x(t)| ≤ 2 |x(0)|
|λk| Γ(1 − α)

t−α. (17)

Step 2 (uniform time-to-threshold bound). Define Λ := min{|λ0|, |λ1|} > 0, η := min{η0, η1},
and t̄ := max{t0, t1}. Fix k ∈ {0, 1} and assume |p0 − k| ≤ η, so that (17) applies. Let

T ≥ t̄ satisfy (
η

εΛΓ(1 − α)

)1/α

≤ T ≤
(

2η

εΛΓ(1 − α)

)1/α

.

Then, using |x(0)| ≤ η and |λk| ≥ Λ, inequality (17) yields

|p(T)− k| = |x(T)| ≤ 2η

Λ Γ(1 − α)
T−α ≤ ε.

Therefore, any initial condition within distance η of k reaches the ε-neighborhood of k by

time T, namely p0 ∈ [0, η] =⇒ T(0)
ε ≤ T, and p0 ∈ [1 − η, 1] =⇒ T(1)

ε ≤ T.

Step 3 (positive probability mass). By assumption, the initial density satisfies g(p) ≥ m > 0
on [0, 1]; hence, Pr(p0 ∈ [0, η]) ≥ m η, and Pr(p0 ∈ [1 − η, 1]) ≥ m η. On the event

{p0 ∈ [0, η]}, the trajectory reaches the ε-neighborhood of 0 by time T, so selection of

s0 by time T occurs with probability at least mη. A symmetric argument applies to s1.

Therefore, PT(s0) ≥ m η, and PT(s1) ≥ m η.

Proof of Corollary 2. Assume that A + A⊤ = 0 and let p⋆ ∈ ∆n be a Nash equilibrium. By

Proposition 6, stationary states of the classical replicator and of the FRD coincide. Hence

p⋆ is stationary under FRD for all α ∈ (0, 1].

Since A is antisymmetric, one has p⊤Ap = 0 for all p ∈ ∆n, and the replicator vector

field simplifies to fi(p) = pi(Ap)i. Linearizing at p⋆ and restricting to the tangent space

of the invariant face F(p⋆) yields an antisymmetric Jacobian JT. As a consequence, all

nonzero eigenvalues of JT are purely imaginary, i.e. λ = ±iω with ω ̸= 0, and therefore

satisfy | arg(λ)| = π/2.

When α = 1, the local stability condition of Theorem 1 requires | arg(λ)| > π/2 for all

λ ∈ σ(JT). Since this strict inequality fails for the nonzero eigenvalues, the equilibrium p⋆
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is not locally asymptotically stable under the classical replicator dynamics. Because JT has

no eigenvalue with positive real part, the equilibrium is neutrally stable.

For any α ∈ (0, 1), the fractional stability condition becomes | arg(λ)| > απ/2. Since

απ/2 < π/2, this condition is satisfied by all nonzero eigenvalues of JT. Therefore, p⋆ is

locally asymptotically stable under FRD for every α < 1, i.e. it is α-stable for all α ∈ (0, 1).
Finally, the stability threshold in Theorem 2 is ᾱ = 2ϑ/π, where ϑ = minλ∈σ(JT) | arg(λ)| =
π/2 in the zero-sum case. Hence ᾱ = 1.

Proof of Corollary 3. For η small enough, the interior Nash equilibrium p⋆ = (1/3, 1/3, 1/3)
persists and, by Proposition 6, is stationary under the FRD for all α ∈ (0, 1]. Let JT(η) :=
D fη(p⋆)

∣∣
Tp⋆F(p⋆) denote the tangent Jacobian at p⋆. By assumption, p⋆ is locally unstable

under the classical replicator (α = 1). By Theorem 1 specialized to α = 1, this implies that

the classical stability condition fails, i.e. minλ∈σ(JT(η)) | arg(λ)| < π/2. Define the spectral

angle margin ϑ(η) := minλ∈σ(JT(η)) | arg(λ)| ∈ (0, π/2), and ᾱ(η) := 2ϑ(η)/π, then

ᾱ(η) ∈ (0, 1). For any α < ᾱ(η), we have απ/2 < ϑ(η), and hence | arg(λ)| > απ/2 for

all λ ∈ σ(JT(η)). Applying Theorem 1 yields that p⋆ is locally asymptotically stable under

the fractional replicator dynamics of order α.
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